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Abstract
For an orbifold M we define a new homology group, called t-singular homology group t-Hq(M)
by using singular simplicies intersecting ‘transversely’ with ΣM . The rightness of this homology
group is ensured by the facts that the 1-dimensional homology group t-H1(M) is isomorphic to the
abelianization of the orbifold fundamental group π1(M,x0). If M is a manifold, t-Hq(M) coincides
with the usual singular homology group. We prove that it is a ‘b-homotopy’ invariant of orbifolds and
develop many algebraic tools for the calculations. Consequently we calculate the t-singular homology
groups of several orbifolds.
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1. Introduction
The notion of orbifold was first introduced by [3] under the name of V -manifold as
a generalization of differentiable manifold. The name of ‘orbifold’ is after [8], where orb-
ifolds, especially 3-orbifolds, were studied hardly from a combinatorial view point.
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(co)homology. The singular homology group of an orbifold is isomorphic to the singu-
lar homology group of its underlying space. In [8] Thurston defined the fundamental group
of an orbifold as the deck transformation group of the universal orbifold covering space.
In [2] Furuta and Steer defined a homotopy group and a cohomology of an orbifold.
In this paper we define a new homology group for an orbifold M , called t-singular
homology group t-Hq(M), which respects its orbifold structure and is not a topological
invariant of its underlying space.
First we prepare two kinds of continuous maps of orbifolds. One is called just a con-
tinuous map, which consists of a continuous map between their underlying spaces and a
family of equivariant continuous maps between their local uniformizations. The other is
called a b-continuous map, which is continuous and maps at least one regular point to a
regular point. The latter map was called an orbi-map in the authors’ preceding papers (see
[4–6]). We consider homotopy equivalence and b-homotopy equivalence. Isomorphisms
and covering maps between orbifolds are regarded as special cases of continuous maps of
orbifolds.
Next we define a q-dimensional t-singular simplex of an orbifold M as a continuous
map from the standard q-dimensional simplex to M , which is ‘tame’ and ‘transverse’ with
respect to the singular set of M . Then the t-singular homology group of M is defined
in a usual way by using of the chain complex of the free Abelian group generated by t-
singular simplices of M . Since an isomorphism between orbifolds is a ‘t-chain map’ and
induces an isomorphism between their t-singular chain complices, this homology group is
an isomorphism invariant of orbifolds.
In general, a b-continuous map does not induce a homomorphism between the t-singular
chain complices because the composition of a t-singular simplex and a b-continuous map is
not necessarily a t-singular simplex. But we can define an induced homomorphism between
the t-singular homology groups by a t-modification. The homomorphism does not depend
on a choice of a t-homotopy in that modification. Then we prove the b-homotopy invariance
of the t-singular homology group.
Note that the cone Cn on a spherical (n − 1)-dimensional orbifold is not b-homotopy
equivalent to a regular point except for the case of ΣCn = ∅. This fact makes the calcula-
tion of the t-singular homology groups of Cn more difficult than that in the manifold case.
For n = 2,3, we calculate all the t-singular homology groups of Cn (see Theorems 9.2 and
11.11). In general, we show that the kth t-singular homology groups of Cn are vanished,
k  n (see Corollary 11.7).
In [2] Furuta and Steer defined πq of an orbifold as the πq−1 of the orbifold loop space.
In other words, πq is the group of the b-homotopy classes of singular q-spheres with a
fixed base point, see [1]. If q  2, then πq is commutative. Note that π1 is isomorphic
to the group defined by Thurston in [8] as the fundamental group of an orbifold, that is,
the deck transformation group of the universal covering space. It is also isomorphic to the
group of equivalent classes of paths in the universal covering space, see [5]. We define
the Hurewicz homomorphism from πq to the qth t-singular homology group t-Hq(M).
Especially, we show that t-H1(M) is isomorphic to the abelianization of π1(M,x0) if M
is arcwise connected.
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basic preparations on orbifolds. In Section 3 we describe (b-)continuous maps, (b-)homo-
topies, and the fundamental groups of orbifolds. In Section 4 we define the t-singular
homology group of an orbifold. In Section 5 we construct a homomorphism between the
t-singular homology groups induced by a b-continuous map by using ‘t-modifications’ (see
Theorem 5.13). Theorem 5.16 says that if two orbifolds are b-homotopy equivalent, then
their t-singular homology groups are isomorphic. In Section 6 we define the Hurewicz
homomorphism from πq(M,x0) to t-Hq(M) and show that t-H1(M) is isomorphic to
π1(M,x0)/[π1(M,x0),π1(M,x0)]. In Sections 7 and 8 we show the Mayer–Vietoris exact
sequences and the Künneth’s formula for the t-singular homology. In Section 9 we cal-
culate the t-singular homology groups of a discal orbifold. In Section 10, we discuss the
relative t-singular homology. In Section 11, we calculate the t-homology groups of some
more examples. In [7], we will develope a new cohomology theory for orbifolds, called the
‘ws-singular cohomology’ of an orbifold. In [9], the second author studies the t-singular
homology group of an orbifold with rational coefficients.
2. Preliminaries on orbifolds
By an n-dimensional (topological) orbifold M , we shall mean a Hausdorff space X
together with a system S = ({Ui}, {ϕi}, {U˜i}, {Gi}, {ϕ˜ij }, {ηij }) which satisfies the follow-
ing:
(i) {Ui} is an open cover of X, which is locally finite and closed under finite intersections.
(ii) For each Ui , there exist a finite group Gi acting smoothly and effectively on a con-
nected open subset U˜i of Rn+ and a homeomorphism ϕi : U˜i/Gi → Ui .
(iii) If Ui ⊂ Uj , then there exists a monomorphism ηij :Gi → Gj and an embedding
ϕ˜ij : U˜i → U˜j such that for any σ ∈ Gi and x ∈ U˜i , ϕ˜ij (σx) = ηij (σ )ϕ˜ij (x) and the
following diagram commutes, where ϕij is induced by the monomorphism ηij and the
embedding ϕ˜ij , and ri , rj are the natural projections.
U˜i
ϕ˜ij
ri
U˜j
rj
U˜i/Gi
ϕij
ϕi
U˜j /Gj
ϕj
Ui Uj
(2.1)
(iv) If Ui ⊂ Uj ⊂ Uk , then ϕ˜jk ◦ ϕ˜ij = ϕ˜ik . (From this formula and (iii), it holds that
ηjk ◦ ηij = ηik .)
Each ϕi ◦ ri : U˜i → Ui is called a local chart of M , each Gi is called the local group of
Ui , and {ϕi ◦ ri : U˜i → Ui} is called a system of local charts of M . S is called an atlas of M .
If S ′ is obtained from S by changing each ϕ˜ij to gj ◦ ϕ˜ij for some gj ∈ Gj and satisfies (iv)
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give the same orbifold structure if their union is again a compatible atlas. We call X the
underlying space of the orbifold M , and denote it by the symbol |M|. Throughout this
paper we assume |M| to be paracompact.
For each x ∈ |M| a local chart ϕ ◦ r : U˜ → U of M such that U contains x is called a
local chart around x, and U˜ is called a local uniformization around x. The local group
at x, denoted by Gx , is the isotropy group of any point in U˜ corresponding to x. This is
well defined up to isomorphism. We call the order of Gx the index (or weight) of x, and
denote it by w(x). The set {x ∈ |M| | Gx 	= id} is called the singular set of M and denoted
by ΣM . If ΣM = ∅, M is a topological manifold.
A local chart U˜i → U˜i/Gi → U around x is reduced if Gi is the local group at x.
A point of ΣM is called a singular point, and a point of |M| − ΣM is called a regular
point. A base point of M is a fixed chosen point of |M| − ΣM . A stratum of M is a
maximal connected component of |M| on which the orders of the local groups are constant.
We denote the set of all k-dimensional strata by Σ(k)M . An orbifold M is connected if |M|
is connected.
Let Y be a subspace of |M|. We define the restriction of S to Y , denoted by S|Y , by
S|Y = ({Yi}, {ϕi |Yi}, {Y˜i}, {Hi}, {ϕ˜ij |Y˜i}, {ηij |Hi}), where Yi = Y ∩Ui , Y˜i = (a component
of the inverse image of Yi under the quotient map U˜i → Ui ), and Hi is the group consists of
the restrictions of the action of Gi to Y˜i . By a subspace of M , we shall mean the subspace
Y together with S|Y . We also call Y the underlying space of the subspace.
A subspace Q of M is called an m-dimensional suborbifold of M , if S|Y gives an
m-dimensional orbifold structure to Y , where Y is the underlying space of Q.
A suborbifold V of an n-orbifold M is called the cone neighborhood of a point x in M ,
if the underlying space |V | is included in U where ϕ ◦ r : U˜ → U is a reduced local chart
around x and (ϕ ◦ r)−1(|V |) is homeomorphic to an n-dimensional ball including (ϕ ◦
r)−1(x).
Remark 2.1. If each ϕ˜ij is a smooth embedding in the above, we call M a smooth orbifold.
Note that (iv) is not assumed in the definition of orbifold (V-manifold) in [3] or [8].
3. Continuous map, homotopy and fundamental group
In this section first we review the definitions of (b-)continuous map between orb-
ifolds. Isomorphisms and covering maps are regarded as special cases of continuous maps
(cf. [8]).
Definition 3.1. Let M and N be orbifolds. By a continuous map f :M → N , we shall
mean a continuous map |f | : |M| → |N | together with a system F = ({ϕi ◦ ri : U˜i →
Ui}i∈I , {ψj ◦ sj V˜j → Vj }j∈J , {f˜iν : U˜i → V˜ν}i∈I,ν∈Ji ) of systems of local charts of M ,
and of N , and a family of continuous maps, where Ji = {ν ∈ J | |f |(Ui) ⊂ Vν}, which
satisfies the following:
(0) For any i ∈ I , Ji 	= ∅.
1726 Y. Takeuchi, M. Yokoyama / Topology and its Applications 153 (2006) 1722–1758(i) For any i ∈ I and any ν ∈ Ji , |f | ◦ (ϕi ◦ ri) = (ψν ◦ sν) ◦ f˜iν .
(ii) For any i ∈ I , any ν ∈ Ji , and any σA ∈ Aut(U˜i , ϕi ◦ ri), there exists an element τA ∈
Aut(V˜ν,ψν ◦ sν) such that f˜iν ◦ σA = τA ◦ f˜iν .
(iii) If Ui ⊂ Uj , |f |(Ui) ⊂ Vν , |f |(Uj ) ⊂ Vμ, and Vν ⊂ Vμ, then ψ˜νμ ◦ f˜iν = f˜jμ ◦ ϕ˜ij .
Since U˜i − Sing(Gi) is connected, we can show that Aut(U˜i , ϕi ◦ ri) = Gi by using
the uniqueness of the path lifting of the covering map ϕi ◦ ri |(U˜i − Sing(Gi)) : (U˜i −
Sing(Gi)) → Ui − (Ui ∩ΣM).
We call |f | and {f˜iν} the underlying map and the structure maps of the continuous
map f , respectively. We often denote the above f by f = (|f |, {f˜iν}). We call F an atlas
of f .
If f ′ is obtained from f by changing each f˜iν to gν ◦ f˜iν for some gν ∈ Gν and satisfies
(iii) (and automatically, (0)–(ii)), then f and f ′ give the same continuous map structure.
Two atlases give the same continuous map structure if their union is again a compati-
ble atlas. Let f :M → N be a continuous map and A ⊂ M a subspace. The restriction
f |A :A → N is defined by restricting the underlying map and the structure maps of f
to |A| and the atlas of A, respectively.
A continuous map f :M → N is b-continuous if there exists a point x ∈ |M| − ΣM
such that |f |(x) ∈ |N | −ΣN . It was called an orbi-map in [4–6], etc. A b-continuous map
induces a homomorphism between the fundamental groups and local fundamental groups
of orbifolds, see Lemma 3.13 and [5].
Remark 3.2. Let M , N be smooth orbifolds. Then a continuous map f :M → N is called
smooth if each f˜iν is smooth.
Definition 3.3. Let M and N be orbifolds. A continuous map f = (|f |, {f˜iν}) :M → N is
an isomorphism if it satisfies the following:
(i) |f | : |M| → |N | is a homeomorphism.
(ii) For each x ∈ |M|, there exist reduced local charts U˜x → U˜x/Gx ∼= Ux and U˜ ′|f |(x) →
U˜ ′|f |(x)/G
′
|f |(x) ∼= U ′|f |(x) around x and |f |(x), respectively, and an isomorphism
ηx :Gx → G′|f |(x) between the local groups of x and |f |(x), respectively, such that
each structure map f˜x : U˜x → U˜ ′|f |(x) is a homeomorphism and for any σ ∈ Gx and
any z ∈ U˜x , f˜x(σz) = ηx(σ )f˜x(z).
An isomorphism is automatically a b-continuous map. If ΣM = ΣN = ∅, then an isomor-
phism f :M → N is a usual homeomorphism. If we discuss on an isomorphism between
smooth orbifolds, we require that each f˜x is a diffeomorphism.
Definition 3.4. Let M and N be orbifolds. Let f,g :M → N be continuous maps. By a
homotopy from f to g (relative to A ⊂ M) we shall mean a continuous map H :M ×
[0,1] → N which satisfies the following:
(i) H(·,0) = f (·).
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((iii) H(a, s) = f (a) = g(a) for any a ∈ A and any s ∈ [0,1].)
If the above f and g are b-continuous, H is called a b-homotopy. A b-homotopy was
called an orbi-homotopy in [4–6], etc.
Definition 3.5. Let M and N be orbifolds. A continuous map f :M → N is a homotopy
equivalent map from M to N if there exists a continuous map g :N → M such that g ◦ f
is homotopic to idM and f ◦ g is homotopic to idN .
If both f ◦ g and g ◦ f are b-continuous (automatically, g and f are b-continuous,
respectively), f is called a b-homotopy equivalent map.
Example 3.6. A cyclical ballic 3-orbifold B3(n) with index n is b-homotopy equivalent to
a discal 2-orbifold D2(n) with the same index n.
Example 3.7. Let f be a trivial continuous map from a discal 2-orbifold D2(n) to a point
{x}, that is, a connected 0-dimensional manifold. Let g be a continuous map from {x}
to D2(n) defined by g(x) = c, where c is the singular point of D2(n). Then g ◦ f (re-
spectively f ◦ g) is homotopic to idD2(n) (respectively id{x}), and D2(n) is homotopy
equivalent to {x}. Note that f ◦ g is b-continuous but g ◦ f is not. Thus the pair of f and
g does not give the b-homotopy equivalence between D2(n) and {x}. Indeed, D2(n) is not
b-homotopy equivalent to {x}. This fact will be derived from Theorems 5.16 and 9.2, or
from computing their fundamental groups π1(D2(n)) ∼= Zn and π1({x}) = 1. See Defini-
tion 3.10 for the definition of π1.
Definition 3.8. Let M and N be orbifolds. A continuous map p = (|p|, {p˜iν}) :M → N is
a covering map if it satisfies the following:
(i) The underlying map |p| : |M| → |N | of p is onto.
(ii) For each x ∈ |N | and each x˜ ∈ |p|−1(x), there exist reduced local charts U˜x →
U˜x/Gx ∼= Ux and U˜x → U˜x/Gx,j ∼= Vx,j , around x and x˜, respectively, such that
each structure map p˜x : U˜x → U˜x is a homeomorphism and the following diagram
commutes where Gx,j is a subgroup of Gx , Vx,j is the component of |p|−1(Ux) con-
taining x˜ and q is the natural projection:
U˜x
p˜x
U˜x/Gx,j
q
Vx,j
|p|
U˜x U˜x/Gx Ux
(3.1)
An isomorphism is a covering. An orbifold M is good if there exists a covering p : M˜ →
M such that M˜ is a manifold.
Definition 3.9. Let M be an orbifold. A b-continuous map a = (|a|, {a˜iν}) : [0,1] → M
with |a|(0) ∈ |M| − ΣM is called a path in M . The point |a|(0) is called the initial point
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a path from p to q . The initial and terminal points of a are called the end points of a. If a
path a in M satisfies that |a|(0) = |a|(1), it is called a loop in M , and |a|(0)(= |a|(1)) is
called the base point of a. The product a · b of paths a and b can be defined if and only if
|a|(1) = |b|(0) (then |a|(1) ∈ |M| −ΣM), and the definition is as follows:
a · b(t) =
{
a(2t), 0 t  12 ,
b(2t − 1), 12  t  1.
(3.2)
An orbifold M is arcwise connected if for each two points x, y ∈ |M| − ΣM there exists
a path from x to y in M .
Definition 3.10. Let M be an orbifold and let x0 be a point of |M|−ΣM . The fundamental
group π1(M,x0) of M with base point x0 is the group of b-homotopy classes, relative to
∂[0,1], of loops in M with base point x0, where the product of [a] and [b] is defined by
[a][b] := [a · b]. (3.3)
Proposition 3.11. Let M be an arcwise connected orbifold and let x, y be any two points
of |M| −ΣM . Then the fundamental groups π1(M,x) and π1(M,y) are isomorphic.
Proof. Since M is arcwise connected, there exists a path γ : [0,1] → M from x to y. By
using γ we can construct an isomorphism from π1(M,x) to π1(M,y) as usual way. 
Proposition 3.12. Let M be an orbifold with base point x0 ∈ |M| −ΣM , and let p : M˜ →
M be the universal covering of M . Note that M˜ is not necessarily a manifold. Then the fun-
damental group π1(M,x0) of M is isomorphic to the deck transformation group Aut(M˜,p)
of p.
Note that Thurston defined the fundamental group of an orbifold M by Aut(M˜,p) in [8].
Lemma 3.13. Let M , N be orbifolds, and f :M → N a b-continuous map.
(i) The map f induces a homomorphism between the fundamental groups of M and N .
(ii) Let ϕ ◦ r : U˜ → U , ψ ◦ s : V˜ → V be local charts of M and N , respectively, such that
|f |(U) ⊂ V . Then f induces a homomorphism between the local fundamental groups
of M|U and N |V can be induced by f .
Proof. (i) Since f is b-continuous, there exists a point x0 ∈ |M|−ΣM such that |f |(x0) ∈
|N | −ΣN . The induced homomorphism f∗ :π1(M,x0) → π1(N, |f |(x0)) can be defined
by f∗([a]) := [f ◦ a] where a is a loop with base point x0. See [5] for the case of good
orbifolds.
(ii) Let y0 ∈ U − Σ(M|U) be a point. Take a path  from x0 to y0 which does not
intersect any singular point. Note that f ◦  intersects at least one regular point in N |V .
That is, there exists t0 ∈ [0,1] such that ||(t0), |f | ◦ ||(t0) are regular points of M|U
and N |V , respectively. Thus we can define f∗ :π1(M|U, ||(t0)) → π1(N |V, |f | ◦ ||(t0))
similarly to the above. 
Y. Takeuchi, M. Yokoyama / Topology and its Applications 153 (2006) 1722–1758 17294. Definition of t-singular homology
Recall that a q-dimensional standard simplex is the subspace of Rq+1 defined by (4.1).
We denote it by Δq
Δq =
{
x = (x0, x1, . . . , xq) ∈ Rq+1
∣∣∣∣∣
q∑
i=0
xi = 1, xi  0, i = 0,1, . . . , q
}
. (4.1)
Definition 4.1. Let M be an orbifold.
(i) A q-dimensional singular simplex of M is defined to be a continuous map Ψ =
(|Ψ |, {Ψ˜ij }) :Δq → M .
(ii) A singular simplex Ψ :Δq → M is tame if |Ψ |−1(Σ(k)M) is finitely triangulable, for
∀k  0.
We denote the set of all q-dimensional singular simplex of M by Sq(M).
Definition 4.2. A q-dimensional singular simplex Ψ :Δq → M of an orbifold M is non-
transverse with respect to an i-dimensional stratum s ∈ Σ(i)M if either Ψ is not tame, or
for a connected component P of the inverse image |Ψ |−1(s¯) of the closure s¯ of s and an
open neighborhood U ⊂ Δq of P , there exists a homotopy H :Δq × [0,1] → M which
satisfies the following:
(i) H(x,0) = Ψ (x) for any x ∈ Δq .
(ii) H(x, t) = Ψ (x) for any x ∈ Δq −U , any t ∈ [0,1].
(iii) H(x, t) ⊂⋃z∈Ψ (P ) ˚Nz for any x ∈ U , any t ∈ [0,1] where Nz is a cone neighborhood
of z and ˚Nz is the interior of Nz.
(iv) |H |(U,1)∩ s¯ = ∅.
Otherwise Ψ is called transverse with respect to s. If for any i, 0  i  dimΣM , and
any s ∈ Σ(i)M , Ψ is transverse with respect to s, then Ψ is called transverse with respect
to ΣM .
Definition 4.3. A q-dimensional t-singular simplex of an orbifold M is a q-dimensional
singular simplex Ψ :Δq → M of M such that each face of Δq is transverse with respect
to ΣM .
Definition 4.4. A q-dimensional singular chain (respectively t-singular chain) of an orb-
ifold M is a finite linear combination
∑
j njΨj of q-dimensional singular simplices (re-
spectively t-singular simplices) of M . We denote the free Abelian group with basis of all
q-dimensional singular simplices (respectively t-singular simplices) of M by Cq(M) (re-
spectively t-Cq(M)). By Definition 4.3, t-Cq(M) is a subgroup of Cq(M).
Remark 4.5. If an orbifold M is a manifold, then the above Cq(M) (respectively t-Cq(M))
coincides with the group of usual q-dimensional singular chains of M .
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Definition 4.6. Let M be an orbifold and Ψ = (|Ψ |, {Ψ˜kj }) ∈ Sq(M). For i = 0,1, . . . , q
we define ∂iΨ = (|∂iΨ |, {∂iΨ˜kj }) ∈ Sq−1(M) by
|∂iΨ |(x0, x1, . . . , xq−1) =
(|Ψ ||Δqi ) ◦ εi, (4.2)
and
∂iΨ˜kj (x0, x1, . . . , xq−1) =
(
Ψ˜kj |Δqi
) ◦ εi, (4.3)
where Δqi = Δq ∩Rq+1i , Rq+1i = {x = (x0, . . . , xq) ∈ Rq+1|xi = 0} and εi :Δq−1 → Δq is
the embedding defined by εi(x0, x1, . . . , xq−1) = (x0, x1, . . . , xi−1,0, xi, . . . , xq−1). Then
the boundary operator ∂ :Cq(M) → Cq−1(M) is defined by
∂ =
q∑
i=0
(−1)i∂i , (4.4)
which satisfies that ∂ ◦ ∂ = 0.
By Definition 4.3 it holds that ∂(t-Cq(M)) ⊂ t-Cq−1(M), and t-C∗(M) is a subchain
complex of C∗(M).
Definition 4.7. Let M be an orbifold. As the usual way, we denote some subgroups of
Cq(M) as follows:
Zq(M) =
{
c ∈ Cq(M) | ∂(c) = 0
}
,
t-Zq(M) =
{
c ∈ t-Cq(M) | ∂(c) = 0
}
,
Bq(M) =
{
c ∈ Cq(M) | ∃d ∈ Cq+1(M) s.t. ∂(d) = c
}
,
t-Bq(M) =
{
c ∈ t-Cq(M) | ∃d ∈ t-Cq+1(M) s.t. ∂(d) = c
}
. (4.5)
Each element of Zq(M) (respectively t-Zq(M)) is called a q-dimensional cycle (re-
spectively t-cycle). And each element of Bq(M) (respectively t-Bq(M)) is called a q-
dimensional boundary cycle (respectively t-boundary cycle). Then the q-dimensional sin-
gular homology (respectively t-singular homology) of M is defined by Zq(M)/Bq(M)
(respectively t-Zq(M)/t-Bq(M)) and is denoted by Hq(M) (respectively t-Hq(M)). Two
q-dimensional cycles (respectively t-cycles) c and c′ are called homologue (respectively
t-homologue) if [c] = [c′] in Hq(M) (respectively in t-Hq(M)).
Let M and N be orbifolds. A degree 0 homomorphism ϕ :C∗(M) → C∗(N) (re-
spectively ϕ : t-C∗(M) → t-C∗(N)) is called a chain map (respectively t-chain map) if
∂N ◦ ϕ = ϕ ◦ ∂M .
Remark 4.8.
(0) Note that ∂(ΣjnjΨj ) = 0 means that the structure maps of ∂Ψj ’s count to zero under
transformations. Thus, when M is a good orbifold, p : M˜ → M is the universal cov-
ering, and Ψj = (|Ψj |, Ψ˜j ) ∈ t-Cq(M), ∂(ΣjnjΨj ) = 0 means ∂(Σjnj |Ψj |) = 0 but
does not necessarily mean ∂(Σjnj Ψ˜j ) = 0.
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complices. Thus the singular homology group is a homotopy invariant of orbifolds. It
is also a b-homotopy invariant of orbifolds since the b-homotopy equivalent orbifolds
are homotopy equivalent.
(ii) Any continuous map that is an embedding of orbifolds induces a t-chain map be-
tween the t-singular complices. In particular an isomorphism f :M → N between
orbifolds induces a t-chain map f# : t-C∗(M) → t-C∗(N), which is an isomorphism
from t-C∗(M) (respectively t-Z∗(M), t-B∗(M)) to t-C∗(N) (respectively t-Z∗(N),
t-B∗(N)). Thus the t-singular homology is an isomorphism invariant of orbifolds. In
fact, the t-singular homology group is a b-homotopy invariant of orbifolds by The-
orem 5.16. But it is not a homotopy invariant of orbifolds (see Example 3.7). See
Section 5 for the case of a b-continuous map between orbifolds that is not necessarily
an embedding of orbifolds.
5. T-modification and induced homomorphism
Though any continuous map between orbifolds induces a homomorphism between the
singular chain complices, no b-continuous map induces a homomorphism between the t-
singular chain complices in general. This is caused by the fact that the composition of a
t-singular simplex and a b-continuous map is not necessarily transverse with respect to the
singular set of the orbifold. In this section we develope a ‘t-modification’ of a singular
chain and define a homomorphism between the t-singular homology groups induced by a
b-continuous map between orbifolds.
Definition 5.1. Let Eq = ∂(Δq × [0,1]) − Int(Δq × 1). Let  be the line through the
barycenters of Δq × 0 and Δq × 1. Let O be the point on  such that d(O,Δq × 1) = 1
and O /∈ Δq × 0. We define a map ζq :Δq × [0,1] → Eq by ζq(x, s) is the intersection
point of the line through O and (x, s) with Eq . That is, ζq(x, s) = Oz ∩ Eq , where z =
(x, s). Let M be an orbifold and let φ :Eq → M be a continuous map. Let ({Ui}i∈I , {V˜j →
Vj }j∈J , {φ˜iν :Ui → V˜ν}i∈I,ν∈Ji ) be an atlas of φ. Put O ∗ Ui = {tO + (1 − t)x ∈ Rq+1 |
x ∈ Ui, 0  t  1}. Let Wi = (O ∗ Ui) ∩ (Δq × [0,1]). We define a continuous map
Φ :Δq ×[0,1] → M , called the sunny extension of φ, as follows: |Φ| :Δq ×[0,1] → M is
defined as |Φ|(x, s) = |φ|(ζq(x, s)). Φ˜iν :Wi → V˜ν is defined as Φ˜iν(x, s) = φ˜iν(ζq(x, s)).
Note that |Φ|(Wi) ⊂ Vν .
By λba1···ar we shall mean the inverse mapping of the embedding from the local uni-
formization V˜a1···ar of Va1···ar :=
⋂
i Vai into V˜b , b ∈ {a1, . . . , ar}.
Lemma 5.2. Let M be an orbifold and ψ :Δq = [x0 · · ·xq ] → M a q-dimensional
singular simplex. Let φsk : [x0 · · · xˇk · · ·xq ] → M , k = 0,1, . . . , q , be homotopies with
φ0k = ψ |[x0 · · · xˇk · · ·xq ]. Let {ψ˜iν :Ui → V˜ν}i∈I,ν∈Ji and {(φ˜sk)i(k,s)ν(k,s) :Ui(k,s) →
V˜ν(k,s)}i(k,s)∈I(k,s),ν(k,s)∈Ji(k,s) be the structure maps of ψ and φsk , respectively, such that
λ
ν(k,0)
ν(k,0)ν
(
φ˜0k
) |(Ui(k,0) ∩Ui) = λνν νψ˜iν |(Ui(k,0) ∩Ui),i(k,0)ν(k,0) (k,0)
1732 Y. Takeuchi, M. Yokoyama / Topology and its Applications 153 (2006) 1722–1758k = 0, . . . , q . Then there exists a homotopy ψs : [x0 · · ·xq ] → M such that ψs |[x0 · · ·
xˇk · · ·xq ] = φsk if and only if(∣∣φsk∣∣)|[x0 · · · xˇk · · · xˇ · · ·xq ] = (∣∣φs∣∣)|[x0 · · · xˇk · · · xˇ · · ·xq ]
and
λ
ν(k,s)
ν(k,s)ν(,s)
(
φ˜sk
)
i(k,s)ν(k,s)
|(Ui(k,s) ∩Ui(,s) )
= λν(,s)ν(k,s)ν(,s)
(
φ˜s
)
i(,s)ν(,s)
|(Ui(k,s) ∩Ui(,s) ),
for each s, and each k,  = 0,1, . . . , q , k < .
Proof. The only if part is clear. If (φ˜sk)i(k,s)ν(k,s) ’s satisfy the hypothesis, then ψ ∪{φsk}k=0,1,...,q defines a continuous map from ∂(Δq × [0,1])− Int(Δq × 1) to M . Hence,
we can construct ψs by using of the sunny extension defined by Definition 5.1. 
Lemma 5.3. Let M be an orbifold and ψ :Δq = [x0 · · ·xq ] → M a q-dimensional
singular simplex. Let φsk : [x0 · · · xˇk · · ·xq ] → M , k = 0,1, . . . , q , be homotopies with
φ0k = ψ |[x0 · · · xˇk · · ·xq ]. Suppose that there exist points xsk ∈ [x0 · · · xˇk · · · xˇ · · ·xq ] such
that |φsk |(xsk) ∈ |M| − ΣM for each s, and each k,  = 0,1,2, . . . , q , k < . Then
there exists a homotopy ψs : [x0 · · ·xq ] → M such that ψs |[x0 · · · xˇk · · ·xq ] = φsk if and
only if φsk |[x0 · · · xˇk · · · xˇ · · ·xq ] = φs |[x0 · · · xˇk · · · xˇ · · ·xq ] for each s, and each k,  =
0,1,2, . . . , q , k < .
Proof. The only if part is clear. Since Δq and [0,1] are compact, there exists a fi-
nite open covering P0, . . . ,PN of [0,1] where Pr = (pr − εr ,pr − εr) ∩ [0,1] and
0 = p0 < p1 < · · · < pN = 1, such that for each r = 0,1, . . . ,N , there exists a sys-
tem of local charts {Ui(k,pr )}i(k,pr )∈I(k,pr ) of [x0 · · · xˇk · · ·xq ] such that |φsk |(Ui(k,pr ) ), s ∈ Pr ,
is included in a local chart of M . Let {Vν(k,pr )}ν(k,pr )∈Ji(k,pr ) be local charts of M such
that |φsk |(Ui(k,pr ) ) ⊂ Vν(k,pr ) . Let {ψ˜iν :Ui → V˜ν}i∈I,ν∈Ji and {(φ˜sk)i(k,pr )ν(k,pr ) :Ui(k,pr ) →
V˜ν(k,pr )}i(k,pr )∈I(k,pr ),ν(k,pr )∈Ji(k,pr ) be structure maps of ψ and φ
s
k , respectively, such that
λ
ν(k,0)
ν(k,0)ν
(
φ˜0k
)
i(k,0)ν(k,0)
|(Ui(k,0) ∩Ui) = λνν(k,0)νψ˜iν |(Ui(k,0) ∩Ui),
k = 0, . . . , q .
From the hypothesis, there exists an element gν(k,,0) of the local group of Vν(k,0) ∩Vν(,0)
such that
λ
ν(k,0)
ν(k,0)ν(,0)
(
φ˜sk
)
i(k,0)ν(k,0)
|(Ui(k,0) ∩Ui(,0) )
= gν(k,,0)λν(,0)ν(k,0)ν(,0)
(
φ˜s
)
i(,0)ν(,0)
|(Ui(k,0) ∩Ui(,0) ),
for each s ∈ P0 and each k < . If x0k ∈ Ui(k,0) ∩Ui(,0) , then
λ
ν(k,0)
ν(k,0)ν(,0)
(
φ˜sk
)
i(k,0)ν(k,0)
(
x0k
)= gν(k,,0)λν(,0)ν(k,0)ν(,0)(φ˜s)i(,0)ν(,0)(x0k),
s ∈ P0, especially
λ
ν(k,0)
ν(k,0)ν(,0)
(
φ˜0k
) (
x0k
)= gν(k,,0)λν(,0)ν(k,0)ν(,0)(φ˜0 ) (x0k).i(k,0)ν(k,0) i(,0)ν(,0)
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. Then
λ
ν(k,0)
ν(k,0)ν(,0)ν
(
φ˜0k
)
i(k,0)ν(k,0)
(
x0k
)= λνν(k,0)ν(,0)ν ψ˜iν(x0k)
= λν(,0)ν(k,0)ν(,0)ν
(
φ˜0
)
i(,0)ν(,0)
(
x0k
)
.
Hence
λ
ν(k,0)
ν(k,0)ν(,0)
(
λ
ν(k,0)
ν(k,0)ν(,0)ν
)−1
λνν(k,0)ν(,0)ν ψ˜iν
(
x0k
)
= gν(k,,0)λν(,0)ν(k,0)ν(,0)
(
λ
ν(,0)
ν(k,0)ν(,0)ν
)−1
λνν(k,0)ν(,0)νψ˜iν
(
x0k
)
.
From (iv) of the definition of orbifold,
λ
ν(k,0)
ν(k,0)ν(,0)
(
λ
ν(k,0)
ν(k,0)ν(,0)ν
)−1
λνν(k,0)ν(,0)ν ψ˜iν
(
x0k
)
= λν(,0)ν(k,0)ν(,0)
(
λ
ν(,0)
ν(k,0)ν(,0)ν
)−1
λνν(k,0)ν(,0)νψ˜iν
(
x0k
)
.
Furthermore, since |ψ |(x0k) = |φ0k |(x0k) ∈ |M| −ΣM ,
λ
ν(k,0)
ν(k,0)ν(,0)
(
λ
ν(k,0)
ν(k,0)ν(,0)ν
)−1
λνν(k,0)ν(,0)ν ψ˜iν
(
x0k
)
is a non-singular point. Hence, gν(k,,0) = e.
Suppose x0k /∈ Ui(k,0) ∩ Ui(,0) . If there exists a point x′ ∈ Ui(k,0) ∩ Ui(,0) such that
|φ0k |(x′) ∈ |M| − ΣM , then we can show that gν(k,,0) = e by the similar argument. If not,
by using a path in [x0 · · · xˇk · · · xˇ · · ·xq ] from x0k to Ui(k,0) ∩Ui(,0) , we can construct struc-
ture maps (φ˜sk)
′
i(k,0)ν(k,0)
:U ′i(k,0) → V˜ν(k,0) and (φ˜s)′i(,0)ν(,0) :U ′i(,0) → V˜ν(,0) of (φsk), (φs),
respectively, such that U ′i(k,0) ⊃ Ui(k,0) , U ′i(,0) ⊃ Ui(,0) , (φ˜sk)′i(k,0)ν(k,0) |Ui(k,0) = (φ˜sk)i(k,0)ν(k,0) ,
(φ˜s)
′
i(,0)ν(,0)
|Ui(,0) = (φ˜s)i(,0)ν(,0) , and x0k ∈ U ′i(k,0) ∩U ′i(,0) . Then, we have
λ
ν(k,0)
ν(k,0)ν(,0)
(
φ˜sk
)′
i(k,0)ν(k,0)
|(U ′i(k,0) ∩U ′i(,0))
= λν(,0)ν(k,0)ν(,0)
(
φ˜s
)′
i(,0)ν(,0)
|(U ′i(k,0) ∩U ′i(,0)).
By restricting (φ˜sk)
′
i(k,0)ν(k,0)
and (φ˜s)
′
i(,0)ν(,0)
to Ui(k,0) ∩Ui(,0) , we have
λ
ν(k,0)
ν(k,0)ν(,0)
(
φ˜sk
)
i(k,0)ν(k,0)
|(Ui(k,0) ∩Ui(,0) )
= λν(,0)ν(k,0)ν(,0)
(
φ˜s
)
i(,0)ν(,0)
|(Ui(k,0) ∩Ui(,0) ).
Similarly, the formula
λ
ν(k,p1)
ν(k,p1)ν(,p1)
(
φ˜sk
)
i(k,p1)ν(k,p1)
|(Ui(k,p1) ∩Ui(,p1) )
= λν(,p1)ν(k,p1)ν(,p1)
(
φ˜s
)
i(,p1)ν(,p1)
|(Ui(k,p1) ∩Ui(,p1) ),
s ∈ P1, is proved by the formula
λ
ν(k,p1)
ν(k,p1)ν(,p1)
(
φ˜εk
)
i(k,p1)ν(k,p1)
(
xεk
)
= λν(,p1)ν(k,p )ν(,p )
(
φ˜ε
) (
xεk
)
,1 1 i(,p1)ν(,p1)
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λ
ν(k,pr )
ν(k,pr )ν(,pr )
(
φ˜sk
)
i(k,pr )ν(k,pr )
|(Ui(k,pr ) ∩Ui(,pr ) )
= λν(,pr )ν(k,pr )ν(,pr )
(
φ˜s
)
i(,pr )ν(,pr )
|(Ui(k,pr ) ∩Ui(,pr ) ).
Then, by Lemma 5.2, we have the conclusion. 
Lemma 5.4. Let ϕ :Δq → M be a singular simplex and c a sum of faces of Δq such that
ϕ|c is tame. Then there exists a homotopy ϕs :Δq → M such that ϕ0 = ϕ, ϕ1 is tame, and
ϕs |c = ϕ|c for ∀s.
Proof. We may assume that c is not Δq . Let K be a sufficiently small subdivision of Δq
which satisfies that, for any simplex σ of K , there is a local chat U˜σ → Uσ of M such that
ϕ˜(σ ) ⊂ U˜σ and U˜σ is contractible. We may assume that each q-simplex σ of K satisfies
the following (1)–(3).
(1) If σ ∩ |ϕ|−1(ΣM) 	= ∅, then there is only one face τ of σ such that (Int τ) ∩
|ϕ|−1(ΣM) 	= ∅ and τ ⊃ σ ∩ |ϕ|−1(ΣM).
(2) σ intersects with c in at most one face.
(3) For any points x, y ∈ σ , if ϕ˜(x), ϕ˜(y) ∈ Sing (Gσ ), then the line segment from ϕ˜(x) to
ϕ˜(y) included in Sing (Gσ ). Otherwise the interior of it included in U˜σ − Sing(Gσ ).
Let σ1, . . . , σ be q-simplices which intersect with c. Let σci and σRi be the faces of σi such
that σci ∗ σRi = σi , σ ci ⊂ c, and σRi ∩ c = ∅. Since U˜σ is contractible, we can construct a
homotopy ϕis :σi → Uσ such that ϕis |σ ci = ϕ|σ ci , ϕis |σ (0)i = ϕ|σ (0)i , ϕ˜i1|σRi is the simplex in
U˜σ linearly determined by ϕ˜((σRi )(0)), and ϕ˜
i
1|σi = (ϕ˜i1|σRi ) ∗ (ϕ˜i1|σ ci ). Since σi satisfies
the above (1)–(3), (ϕ˜i1)−1(Sing (Gσ )) is a subcomplex of σi . Then, we can construct the
desired homotopy ϕs :Δq → M piecewisely on each σ ∈ K as follows:
(1) ϕs |σ = ϕis if σ ∈ {σ1, . . . , σ}.
(2) ϕs |σ is a PL-modification fixing ϕ|σ (0) if σ /∈ {σ1, . . . , σ}. 
Let Δq(i0···ik) be the k-dimensional face of Δ
q defined by
Δ
q
(i0···ik) =
{
(x0, . . . , xq) ∈ Δq | xi0 + · · · + xik = 1
} (5.1)
and let εq
(i0···ik) :Δ
k → Δq
(i0···ik) be the linear homeomorphism defined by ε
q
(i0···ik)(xj ) := xij .
Definition 5.5. By a t-modification of a q-dimensional singular chain c =∑j=1 njΨ j of
an orbifold M we shall mean a t-singular chain cT =∑j=1 nj (Ψ j )T of M such that there
exist homotopies Ψ 1s , . . . ,Ψ s (s ∈ [0,1]) that satisfy the following:
(i) Ψ j = Ψ j , Ψ j = (Ψ j )T for ∀j = 1,2, . . . , .0 1
Y. Takeuchi, M. Yokoyama / Topology and its Applications 153 (2006) 1722–1758 1735Fig. 1. Ψ = (|Ψ |, Ψ˜ ) :Δ2 → D2(3), Ψ˜ (A) = a′ , Ψ˜ (B) = b′ , Ψ˜ (C) = c′ , |Ψ |(A) = a, |Ψ |(B) = b, |Ψ |(C) = c.
(ii) If (
Ψ i |Δq(i0···ik)
) ◦ εq(i0···ik) = (Ψ j |Δq(j0···jk)) ◦ εq(j0···jk), (5.2)
for some i, j , then it holds that(
Ψ is |Δq(i0···ik)
) ◦ εq
(i0···ik) =
(
Ψ
j
s |Δq(j0···jk)
) ◦ εq
(j0···jk), for ∀s ∈ [0,1]. (5.3)
We say that Ψ is ’s satisfy the face condition of Ψ i ’s. We call (cT )s =
∑
njΨ
j
s (s ∈ [0,1]) a
t-homotopy of c.
Remark 5.6. By (ii) of Definition 5.5 a t-modification of a singular chain has to preserve
the face conditions. The following singular chain (simplex) Ψ has no t-modifications, see
Fig. 1. Note that neither of the singular chains (simplices) Ψ1 and Ψ2 illustrated by Figs. 2
and 3 is not a t-modification of Ψ .
Definition 5.7. A q-dimensional singular simplex Ψ = (|Ψ |, {Ψ˜iν}) of M is pre-
transverse if the underlying map |Ψ | of Ψ maps all the vertices of Δq into |M| − ΣM .
A q-dimensional singular chain c =∑miΨ i of M is pre-transverse if each singular sim-
plex Ψ i is pre-transverse.
Note that every t-singular chain is pre-transverse.
Lemma 5.8. Let M be an orbifold and let c =∑μ=1 nμϕμ be a q-dimensional singular
chain of M . Let c′ be a sum of faces of c all of which are already transverse with respect
to ΣM . If c is pre-transverse, then there exists a t-homotopy cs of c fixing c′.
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Fig. 3. Ψ2 :Δ2 → D2(3).
Proof. To construct a t-homotopy cs =∑μ=1 nμϕμs of c we will define(
ϕ
μ
(i0···ik)
)
s
:Δ
q
(i0···ik) → M, μ = 1,2, . . . , , 0 i0 < · · · < ik  q (5.4)
inductively on k such that
(1) (ϕμ(i0···ik))0 = ϕμ|Δ
q
(i0···ik).
(2) (ϕμ
(i0···ik))1 is transverse with respect to ΣM .
(3) (ϕμ )s ’s satisfy the face condition of ϕμ|Δq ’s.(i0···ik) (i0···ik)
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q
(i0···iˇa ···ik) = (ϕ
μ
(i0···iˇa ···ik))s .
(5) If ϕμ|Δq(i0···ik) is transverse with respect to ΣM , then (ϕ
μ
(i0···ik))s = ϕμ|Δ
q
(i0···ik).
If k = 0, put (ϕμ(i0))s := ϕμ|Δ
q
(i0)
. It is transverse with respect to ΣM , since c is pre-
transverse.
Suppose that we have done for the (k − 1)-skeleton. We order {(μ, i0, . . . , ik)} lexico-
graphically and will construct (ϕμ(i0···ik))s ’s, μ = 1,2, . . . , , 0 i0 < · · · < ik  q , in that
order as follows:
(1) If ϕμ|Δq(i0···ik) is transverse with respect to ΣM , then we define as(
ϕ
μ
(i0···ik)
)
s
:= ϕμ|Δq(i0···ik).
(2) If ϕμ|Δq(i0···ik) is not transverse with respect to ΣM , and for some (ν, j0, . . . , jk) <
(μ, i0, . . . , ik), (ϕν |Δq(j0···jk)) ◦ ε
q
(j0···jk) = (ϕμ|Δ
q
(i0···ik)) ◦ ε
q
(i0···ik), then we define as(
ϕ
μ
(i0···ik)
)
s
= (ϕν(j0···jk))s ◦ εq(j0···jk) ◦ (εq(i0···ik))−1.
(3) Suppose ϕμ|Δq(i0···ik) is not transverse with respect to ΣM , and there exists
no (ν, j0, . . . , jk) < (μ, i0, . . . , ik) such that (ϕν |Δq(j0···jk)) ◦ ε
q
(j0···jk) = (ϕμ|Δ
q
(i0···ik)) ◦
ε
q
(i0···ik). By the inductive assumption, (ϕ
μ
(i0···iˇa ···ik))s , a = 0,1,2, . . . , k, are already de-
fined. Then, by Lemma 5.3 there exists a homotopy (φμ(i0···ik))s :Δ
q
(i0···ik) → M such
that (φμ(i0···ik))s |Δ
q
(i0···iˇa ···ik) = (ϕ
μ
(i0···iˇa ···ik))s and (φ
μ
(i0···ik))0 = ϕμ|Δ
q
(i0···ik). By Lemma 5.4,
we may assume that (φμ(i0···ik))1 is tame. If (φ
μ
(i0···ik))1 is transverse with respect to
ΣM , put (ϕμ(i0···ik))s := (φ
μ
(i0···ik))s . Otherwise, for a dimension k0 and for a component
sk0 ∈ Σ(k0)M , there exist a component P0 of |(φμ(i0···ik))1|−1(s¯k0), an open neighborhood
U0 ⊂ Δq(i0···ik) of P0 and a homotopy Φ
k0
s :Δ
q
(i0···ik) → M which satisfy the following:
(1) Φk00 (x) = (φμ(i0···ik))1(x) for ∀x ∈ Δ
q
(i0···ik).
(2) Φk0s (x) = (φμ(i0···ik))1(x) for ∀x ∈ Δ
q
(i0···ik) −U0, ∀s ∈ [0,1].
(3) Φk0s (x) ∈⋃z∈(φμ
(i0···ik ))1(P0)
˚Nz for ∀x ∈ U0, ∀s ∈ [0,1].
(4) |Φk01 |(U0)∩ s¯k0 = ∅.
We may assume that k0 is the minimum one satisfying the above. By the minimality of k0,
we can show |(φμ(i0···ik))1|(P0) ⊂ sk0 , that is, |(φ
μ
(i0···ik))1|(P0)∩ (s¯k0 − sk0) = ∅. Thus
|Nz| ∩
(
Σ(k0)M ∪ · · · ∪Σ(0)M)⊂ s¯k0 for ∀z ∈ (φμ(i0···ik))1(P0). (5.5)
By (5.5) and (4),∣∣Φk01 ∣∣(U0) ⊂ |M| − (Σ(k0)M ∪ · · · ∪Σ(0)M). (5.6)
Furthermore, since (φμ(i0···ik))1|∂Δ
q
(i0···ik) is transverse with respect to ΣM , U0 ⊂ Int
Δ
q
. Hence Φk0s |∂Δq = (φμ )1|∂Δq .(i0···ik) (i0···ik) (i0···ik) (i0···ik)
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μ
(i0···ik))s as the product of
(φ
μ
(i0···ik))s and Φ
k0
s . If not, for an index k1 and for a component s′k1 ∈ Σ(k1)M there ex-
ist a component P1 of (Φk01 )
−1(s¯′k1), an open neighborhood U1 ⊂ Δ
q
(i0···ik) of P1, and a
homotopy Φk1s :Δq(i0···ik) → M which satisfy the following:
(1′) Φk10 (x) = Φk01 (x) for ∀x ∈ Δq(i0···ik).
(2′) Φk1s (x) = Φk01 (x) for ∀x ∈ Δq(i0···ik) −U1, ∀ s ∈ [0,1].
(3′) Φk1s (x) ⊂⋃
z∈Φk01 (P1)
˚Nz for ∀x ∈ U1, ∀ s ∈ [0,1].
(4′) |Φk11 |(U1)∩ s¯′k1 = ∅.
We may assume that k1 is the minimum one satisfying the above.
(a) If k1 = k0 and s′k1 = sk0 , the argument can be reduced to the case (b) or (c) since the
number of the components of |(φμ
(i0···ik))1|−1(s¯k0) is finite.
(b) If k1 = k0 and s′k1 	= sk0 , the argument can be reduced to the case (c) since the number
of the strata of Σ(k0)M which intersect with |(φμ(i0···ik))1|(Δ
q
(i0···ik)) is finite.
(c) If k1 	= k0, then k1 > k0. Since |Φk01 |(P1) ⊂ s′k1 , it holds that
|Nz| ∩
(
Σ(k1)M ∪ · · · ∪Σ(0)M)⊂ s¯′k1 for ∀z ∈ Φk01 (P1). (5.7)
By (5.7) and (4′), it holds that∣∣Φk11 ∣∣(U1) ⊂ |M| − (Σ(k1)M ∪ · · · ∪Σ(0)M). (5.8)
Since Φk01 |∂Δq(i0···ik) is transverse with respect to ΣM , U1 ⊂ Int Δ
q
(i0···ik). Hence
Φ
k1
s |∂Δq(i0···ik) = Φ
k0
1 |∂Δq(i0···ik).
If we repeat this process finite times, then, for some q , Φkq1 is transverse with respect to
ΣM . We define (ϕμ(i0···ik))s as the product of (φ
μ
(i0···ik))s ,Φ
k0
s , . . . ,Φ
kq
s . Thus we have the
desired homotopy. 
Lemma 5.9. Let c be a q-dimensional singular chain of an orbifold M . Suppose that ∂c is
transverse with respect to ΣM . If cs is a t-homotopy of c fixing ∂c, then for any s ∈ [0,1]
it holds that ∂cs = ∂c. In particular, if c is a cycle, then so is cs .
Proof. Put c =∑i=1 niϕi . Its boundary is as follows:
∂c =
∑
i=1
ni∂ϕ
i =
∑
i=1
q∑
j=0
(−1)j niϕi ◦ εj
=
∑
N(a,b)ϕ
a ◦ εb(a,b)∈D
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D = {(a, b) ∈ {1,2, . . . , } × {0,1,2, . . . , q} | N(a,b) 	= 0}. (5.9)
Let cs =∑i=1 niϕis be a t-homotopy of c. Since cs fixes ∂c,
ϕas ◦ εb = ϕa ◦ εb (5.10)
for any (a, b) ∈ D. By (ii) of Definition 5.5, (5.10), and (5.9)
∂cs =
∑
i=1
q∑
j=0
(−1)j niϕis ◦ εj
=
∑
(a,b)∈D
N(a,b)ϕ
a
s ◦ εb
=
∑
(a,b)∈D
N(a,b)ϕ
a ◦ εb
= ∂c. 
Note that if cs does not satisfy the face condition, then its boundary can be different
from the above, that is,
∂cs =
∑
(a,b)∈D
N(a,b)ϕ
a
s ◦ εb +Bs
where Bs ∈ Cq−1(M).
Definition 5.10. Let M and N be orbifolds, f :M → N a b-continuous map, and c =∑
j=1 njϕj a q-dimensional pre-transversal singular chain of M . A pre-t-modification of a
singular chain f ◦c =∑j=1 nj (f ◦ϕj ) with respect to c is a pre-transversal singular chain
d = ∑j=1 njΨ j of N such that there exist homotopies Ψ 1s , . . . ,Ψ s (s ∈ [0,1]) which
satisfy the following:
(i) Ψ j0 = f ◦ ϕj , Ψ j1 = Ψ j for ∀j = 1,2, . . . , .
(ii) If for ϕi and ϕj there exist embeddings εq(i0···ik) and ε
q
(j0···jk) such that
ϕi ◦ εq(i0···ik) = ϕj ◦ ε
q
(j0···jk), (5.11)
then it holds that
Ψ is ◦ εq(i0···ik) = Ψ
j
s ◦ εq(j0···jk) for ∀s ∈ [0,1]. (5.12)
We say Ψ is ’s satisfy the face condition of ϕi ’s. We call ds =
∑
njΨ
j
s (s ∈ [0,1]) a pre-t-
homotopy of f ◦ c with respect to c. We denote d by the symbol (f ◦ c)(c,P ).
Lemma 5.11. Let M and N be orbifolds, f :M → N a b-continuous map, and c =∑
μ=1 nμϕμ a q-dimensional pre-transversal singular chain of M . Let c′ be a sum of
faces of c such that f ◦ c′ are already pre-transverse. Then there exists a pre-t-homotopy
of f ◦ c with respect to c fixing f ◦ c′.
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Vη}η∈J , {W˜ρ → Wρ}ρ∈K, {f˜ηρ : V˜η → W˜ρ}η∈J,ρ∈Kη) of ϕμ’s and f , respectively. Thus
({Uξ }ξ∈I , {W˜ρ → Wρ}ρ∈K, {f˜ηρ ◦ (ϕ˜μ)ξη :Uξ → W˜ρ}ξ∈I,ρ∈Kμξ ) is an atlas of f ◦ ϕμ,
where Kμξ = {ρ ∈ K | |f ◦ ϕμ|(Uξ ) ⊂ Wρ}.
For 0  i0 < · · · < ik  q , we define Uξ(i0 ···ik ,s) inductively on k as follows: First we
define as Uξ(i0,s) = (Uξ ∩ Δ
q
(i0)
) × {s}, ξ ∈ I , and Uξ
(i0 ···iˇa ···ik )
= ⋃s∈[0,1] Uξ(i0 ···iˇa ···ik ,s) . If
(f ◦ϕμ)|Δq(i0···ik) is pre-transverse, Uξ(i0 ···ik ,s) = (Uξ ∩Δ
q
(i0···ik))×{s}. Otherwise, we define
Eξ(i0···ik ) as follows: If, for ∃a = 0,1, . . . , k, Uξ ∩Δ
q
(i0···iˇa ···ik) 	= ∅, then put Eξ(i0···ik ) = (Uξ ∩
Δ
q
(i0···ik))∪a Uξ(i0 ···iˇa ···ik ) . If, for all a = 0,1, . . . , k, Uξ ∩Δ
q
(i0···iˇa ···ik) = ∅, then put Eξ(i0···ik ) =
Uξ ∩Δq(i0···ik). We define as Uξ(i0 ...ik ,s) = (O(i0···ik)∗Eξ(i0 ···ik ) )∩(Δ
q
(i0···ik)×{s}), ξ ∈ I , where
O(i0···ik) is the point on the line through the barycenters of Δ
q
(i0···ik) × 0 and Δ
q
(i0···ik) × 1
such that d(O(i0···ik),Δ
q
(i0···ik) × 1) = 1 and O(i0···ik) /∈ Δ
q
(i0···ik) × 0.
To construct a pre-t-homotopy Ψs =∑μ=1 nμΨ μs of f ◦ c with respect to c we will
define(
Ψ
μ
(i0···ik)
)
s
:Δ
q
(i0···ik) → N, μ = 1,2, . . . , , 0 i0 < · · · < ik  q (5.13)
inductively on k, by constructing the underlying map |(Ψ μ(i0···ik))s | :Δ
q
(i0···ik) → |N | and the
structure maps((
Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
:Uξ(i0 ···ik ,s) → W˜ρ, ξ ∈ I, s ∈ [0,1], ρ ∈ K
μ
ξ
which satisfy the following:
(1) ∣∣(Ψμ(i0···ik))0∣∣= ∣∣(f ◦ ϕμ)∣∣|Δq(i0···ik),
and ((
Ψ˜
μ
(i0···ik)
)
0
)
ξ(i0 ···ik ,0)ρ
= (f˜ηρ ◦ (ϕ˜μ)ξη)|Uξ(i0 ···ik ,0) , ξ ∈ I, ρ ∈ Kμξ ;
(2) (Ψ μ(i0···ik))1 is pre-transverse;
(3) (Ψ μ(i0···ik))s ’s satisfy the face condition of (ϕμ|Δ
q
(i0···ik))’s;
(4) If (i0, . . . , iˇa, . . . , ik) = (j0, . . . , jˇb, . . . , jk), then∣∣(Ψμ(i0···ik))s∣∣|[xi0 · · · xˇia · · ·xik ] = ∣∣(Ψμ(j0···jk))s∣∣|[xj0 · · · xˇjb · · ·xjk ],
and ((
Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
|U
(i0···iˇa ···ik,s) =
((
Ψ˜
μ
(j0···jk)
)
s
)
ξ(j0···jk ,s)ρ
|U
(j0···jˇb···jk,s),
where ξ ∈ I , s ∈ [0,1], ρ ∈ Kμξ ;
(5) If (f ◦ ϕμ)|Δq(i0···ik) is pre-transverse, then(
Ψ
μ
(i0···ik)
)
s
= (f ◦ ϕμ)|Δq
(i0···ik).
We order {(μ, i0)} lexicographically and will construct (Ψ μi0 )s ’s, μ = 1,2, . . . , ,
0 i0  q , in that order as follows:
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that xi0 ∈ Uξ , |ϕμ|(Uξ ) ⊂ Vη, and |f |(Vη) ⊂ Wρ .
(1) If |f ◦ ϕμ|(xi0) /∈ ΣN , then we define as(
Ψ˜
μ
i0
)
s
(xi0) :=
(
f˜ηρ ◦
(
ϕ˜μ
)
ξη
)
(xi0).
(2) If |f ◦ ϕμ|(xi0) ∈ ΣM , and there exists no (ν, j0) < (μ, i0) such that ϕν(xj0) =
ϕμ(xi0).
Put L = {ρ ∈ K | |f ◦ ϕμ|(xi0) ∈ Wρ} and WL =
⋂
ρ∈LWρ . Let GL be the lo-
cal group of WL. Since dim Sing(GL)  dimWL − 1, there exists a path in W˜L from
(f˜ηρ ◦ (ϕ˜μ)ξη)(xi0) to W˜L − Sing(GL). We define (Ψ˜ μi0 )s(xi0) by using of that path.(3) If |f ◦ ϕμ|(xi0) ∈ ΣN , and for some (ν, j0) < (μ, i0), ϕν(xj0) = ϕμ(xi0).
Since ϕν(xj0) = ϕμ(xi0) and ϕ is pre-transverse, there exists one and only one ele-
ment σηη′ of the local group of Vη ∩ Vη′ such that σηη′λη
′
ηη′ ϕ˜
ν
ξ ′η′(xj0) = ληηη′ ϕ˜μξη(xi0). From
Lemma 3.13(ii), f induces a homomorphism f∗ :Gη → Gρ . We define((
Ψ˜
μ
i0
)
s
)
ξη
(xi0) :=
(
λ
ρ
ρ′ρ
)
f∗(σηη′)λρ
′
ρ′ρ
((
Ψ˜ νj0
)
s
)
ξ ′ρ′(xj0).
Suppose that we have done for the (k − 1)-skeleton. We order {(μ, i0, . . . , ik)} lexico-
graphically and will construct (Ψ μ(i0···ik))s ’s, μ = 1,2, . . . , , 0 i0 < · · · < ik  q , in that
order as follows:
(1) If (f ◦ϕμ)|Δq(i0···ik) is pre-transverse, then (we defined Uξ(i0 ···ik ,s) = (Uξ ∩Δ
q
(i0···ik))×{s} in this case), we define as∣∣(Ψμ(i0···ik))s∣∣= ∣∣(f ◦ ϕμ)∣∣|Δq(i0···ik)
and ((
Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
= (f˜ηρ ◦ ϕ˜μξη)|(Δq(i0···ik) ∩Uξ ).
(2) If (f ◦ ϕμ)|Δq(i0···ik) is not pre-transverse and there exists no (ν, j0, . . . , jk) <
(μ, i0, . . . , ik) such that(
ϕν |Δq(j0···jk)
) ◦ εq(j0···jk) = (ϕμ|Δq(i0···ik)) ◦ εq(i0···ik).
Put E(i0···ik) = ∂(Δq(i0···ik) ×[0,1])− Int(Δ
q
(i0···ik) ×1). By the inductive hypotheses (1) and(4), we can define a continuous map φ :E(i0···ik) → N as follows:
|φ|(x) =
{ |(f ◦ ϕμ)|(x) if x ∈ Δq(i0···ik) × {0},
|(Ψ μ
(i0···iˇa ···ik))s |(x) if x ∈ Δ
q
(i0···iˇa ···ik) × {s},
and φ˜ξρ :E(i0···ik) ∩Uξ → W˜ρ is defined as
φ˜ξρ(x) =
{
(f˜ηρ ◦ (ϕ˜μ)ξη)(x) if x ∈ Uξ ∩Δq(i0···ik),
((Ψ˜
μ
(i0···iˇa ···ik))s)ξ(i0 ···iˇa ···ik ,s)ρ(x) if x ∈ Uξ(i0 ···iˇa ···ik ,s) .
Let ζ(i0···ik) :Δ
q
(i0···ik) × [0,1] → E(i0···ik) be a map defined by ζ(i0···ik)(x, s) = O(i0···ik)z ∩
E(i0···ik), where z = (x, s). Then we define∣∣(Ψμ ) ∣∣(z) = |φ|(ζ(i ···i )(x, s)), z ∈ Δq × {s},(i0···ik) s 0 k (i0···ik)
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Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
(z) = φ˜ξρ
(
ζ(i0···ik)(x, s)
)
, z ∈ Uξ(i0 ···ik ,s) .
(3) If (f ◦ ϕμ)|Δq(i0...ik) is not pre-transverse and for some (ν, j0, . . . , jk) < (μ, i0,
. . . , ik),(
ϕν |Δq(j0···jk)
) ◦ εq(j0···jk) = (ϕμ|Δq(i0···ik)) ◦ εq(i0···ik).
Put
Oξ ′
(j0 ···jk )ξ(i0 ···ik )
:= (εq(j0···jk))−1(Uξ ′ ∩Δq(j0···jk))
∩ (εq(i0···ik))−1(Uξ ∩Δq(i0···ik)),
ξ, ξ ′ ∈ I . If Oξ ′
(j0 ···jk )ξ(i0 ···ik )
	= ∅, then Vη′ ∩ Vη 	= ∅. Then, since ϕ is pre-transverse, as
similarily to (ii) of Lemma 3.13, we can choose a unique element ση′η of the local group
of Vη′ ∩ Vη such that
ση′ηλ
η′
η′η
(
ϕ˜νξ ′η′ |Δq(j0···jk)
) ◦ (εq(j0···jk)|Oξ ′(j0 ···jk)ξ(i0 ···ik ))
= λη
η′η
(
ϕ˜
μ
ξη|Δq(i0···ik)
) ◦ (εq(i0···ik)|Oξ ′(j0 ···jk )ξ(i0 ···ik )).
Hence
f∗(ση′η)λρ
′
ρ′ρ
((
f˜η′ρ′ ◦ ϕ˜νξ ′η′
)|Δq
(j0···jk)
) ◦ (εq
(j0···jk)|Oξ ′(j0 ···jk )ξ(i0 ···ik )
)
= λρ
ρ′ρ
((
f˜ηρ ◦ ϕ˜μξη
)|Δq(i0···ik)) ◦ (εq(i0···ik)|Oξ ′(j0 ···jk )ξ(i0 ···ik )).
Let εq(i0···ik,s) :Δ
k → Δq(i0···ik) ×{s} be a map defined by ε
q
(i0···ik,s)(x) = (ε
q
(i0···ik)(x), s). Put
Oξ ′
(j0 ···jk ,s)ξ(i0 ···ik ,s)
= {(εq(j0···jk,s))−1(Uξ ′(j0 ···jk ,s) )}
∩ {(εq(i0···ik,s))−1(Uξ(i0 ···ik ,s) )}.
We define∣∣(Ψμ(i0···ik))s∣∣= ∣∣(Ψ ν(j0···jk))s∣∣ ◦ εq(j0···jk) ◦ (εq(i0···ik))−1.
Furthermore, since Uξ(i0 ···ik ,s) =
⋃
ξ ′∈I ε
q
(i0···ik,s)(Oξ ′(j0 ···jk ,s)ξ(i0 ···ik ,s) ), |(Ψ
ν
(j0···jk))s | ×
(ε
q
(j0···jk,s)(Oξ ′(j0 ···jk ,s)ξ(i0 ···ik ,s) )) ⊂ Wρ ∩Wρ′ , and(
λ
ρ
ρ′′ρ
)−1
f∗(ση′′η)λρ
′′
ρ′′ρ
((
Ψ˜ ν(j0···jk)
)
s
)
ξ ′′
(j0 ···jk ,s)ρ
′′ ◦ εq(j0···jk,s) ◦
(
ε
q
(i0···ik,s)
)−1
(z)
= (λρ
ρ′ρ
)−1
f∗(ση′η)λρ
′
ρ′ρ
((
Ψ˜ ν(j0···jk)
)
s
)
ξ ′
(j0···jk ,s)ρ
′ ◦ εq(j0···jk,s) ◦
(
ε
q
(i0···ik,s)
)−1
(z),
z ∈ εq(i0···ik,s)(Oξ ′(j0 ···jk ,s)ξ(i0 ···ik ,s) )∩ ε
q
(i0···ik,s)(Oξ ′′(j0 ···jk ,s)ξ(i0 ···ik ,s) ), we can define((
Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
:Uξ(i0 ···ik ,s) → Wρ
as
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((
Ψ˜
μ
(i0···ik)
)
s
)
ξ(i0 ···ik ,s)ρ
(z)
= (λρ
ρ′ρ
)−1
f∗(ση′η)λρ
′
ρ′ρ
((
Ψ˜ ν(j0···jk)
)
s
)
ξ ′
(j0 ···jk ,s)ρ
′ ◦ εq(j0···jk,s) ◦
(
ε
q
(i0···ik,s)
)−1
(z),
z = (x, s) ∈ εq(i0···ik,s)(Oξ ′(j0 ···jk ,s)ξ(i0 ···ik ,s) ). 
Note that there exist a b-continuous map f and a pre-transversal chain c such that f ◦ c
has no pre-t-modifications with respect to “f ◦ c”. See Fig. 4.
Lemma 5.12. Let M and N be orbifolds, f :M → N a b-continuous map, and c a pre-
transversal singular chain of M . Suppose that f ◦ ∂c is pre-transverse. If ds is a pre-t-
homotopy of f ◦ c with respect to c fixing f ◦ ∂c, then for any s ∈ [0,1] it holds that
∂ds = f ◦ ∂c. In particular, if c is a cycle, then so is ds .
Proof. Similarly to Lemma 5.9. 
Theorem 5.13. Let M , N be orbifolds and let f :M → N be a b-continuous map.
Then an induced homomorphism f∗ : t-Hq(M) → t-Hq(N) can be defined by [c] →
[((f ◦ c)(c,P ))T ].
Proof. Take any c ∈ t-Zq(M). By Lemma 5.11 there exists a pre-t-modification (f ◦
c)(c,P ) of f ◦ c with respect to c, and by Lemma 5.8 there exists a t-modification
((f ◦ c)(c,P ))T of (f ◦ c)(c,P ). By Lemmas 5.9 and 5.12 ((f ◦ c)(c,P ))T is a cycle.
First take another pre-t-modification (f ◦ c)(c,P ′) of f ◦ c with respect to c, and any
t-modification ((f ◦ c)(c,P ′))T ′ of (f ◦ c)(c,P ′). We will show that the two t-modifications
are t-homologue. Put f ◦ c =∑ niϕi and denote the product of pre-t-homotopy andi=1
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i=1 niφis
(respectively ∑i=1 niψis ). Define a continuous map Φi :Δq × [−1,1] → N by
Φi(x, s) :=
{
φis(x) (0 s  1),
ψi−s(x) (−1 s  0).
(5.14)
Let Qqk :Δ
q+1 → Δq × [0,1] be a linear embedding defined by
Q
q
k (vi) :=
{
(vi,0) (0 i  k),
(vi−1,1) (k + 1 i  q + 1), (5.15)
where v0, v1, . . . , vm are the vertices of Δm. By taking the composition of each Φi and the
sum of Qqk we construct a (q + 1)-dimensional singular chain d of N as
d :=
∑
i=1
ni
(
Φi ◦
q∑
k=0
(−1)kQqk
)
. (5.16)
Note that
∂d = ((f ◦ c)(c,P ))T − ((f ◦ c)(c,P ′))T ′ . (5.17)
Since ∂d is pre-transverse, so is d . By Lemma 5.8 there exists a t-modification dT of d
fixing ∂d . By Lemma 5.9 and (5.17)
∂
(
dT
)= ∂d = ((f ◦ c)(c,P ))T − ((f ◦ c)(c,P ′))T ′ . (5.18)
Next take another t-singular cycle c′ such that [c] = [c′] in t-Hq(M). Then there exists
a t-singular chain d ′ ∈ t-Cq+1(M) such that c − c′ = ∂d ′. By Lemma 5.11 there exists a
pre-t-modification (f ◦d ′)(d ′,P ) of f ◦ d ′ with respect to d ′, and by Lemma 5.8 there exists
a t-modification ((f ◦ d ′)(d ′,P ))T of (f ◦ d ′)(d ′,P ). Then
∂
((
(f ◦ d ′)(d ′,P ))T )= (∂((f ◦ d ′)(d ′,P )))T
= ((f ◦ (∂d ′))(∂d ′,P ))T
= ((f ◦ c − f ◦ c′)(c−c′,P ))T
= ((f ◦ c)(c,P ))T − ((f ◦ c′)(c′,P ))T .
Thus f∗ is well-defined.
To show that f∗ is a homomorphism we take any two elements [a], [b] of t-Hq(M).
Put a =∑ki=1 aiϕi , b =∑j=1 bjψj . Consider the t-singular chain ∑ki=1 ϕi +∑j=1 ψj .
Let
∑k
i=1 Φi1,s +
∑
j=1 Ψ
j
1,s be a pre-t-homotopy of f ◦ (
∑k
i=1 ϕi +
∑
j=1 ψj) with re-
spect to
∑k
i=1 ϕi +
∑
j=1 ψj such that Φi1,0 = ϕi and Ψ j1,0 = ψj , i = 1,2, . . . , k, j =
1,2, . . . , . Let
∑k
i=1 Φi2,s + Σj=1Ψ j2,s be a t-homotopy of
∑k
i=1 Φi1,1 +
∑
j=1 Ψ
j
1,1 such
that Φi2,0 = Φi1,1 and Ψ j2,0 = Ψ i1,1, i = 1,2, . . . , k, j = 1,2, . . . , . Put Φis = Φi1,s ·Φi2,s and
Ψ
j
s = Ψ j1,s ·Ψ j2,s , i = 1,2, . . . , k, j = 1,2, . . . , . Then, it holds that [
∑k
i=1 aiΦi1] = f∗[a],
[∑j=1 bjΨ j1 ] = f∗[b], and [∑ki=1 aiΦi1 +∑j=1 bjΨ j1 ] = f∗[a + b]. We have the conclu-
sion. 
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b-continuous maps such that g ◦ f is also a b-continuous map. Then (g ◦ f )∗ = g∗ ◦ f∗.
Proof. Take any c ∈ t-Zq(M). By Lemmas 5.8 and 5.11 there exist products of (pre-)t-
homotopies d1 from g ◦f ◦ c to ((g ◦f ◦ c)(c,P1))T1 , d2 from f ◦ c to ((f ◦ c)(c,P2))T2 , and
d3 from g ◦ {((f ◦ c)(c,P2))T2} to ((g ◦ {((f ◦ c)(c,P2))T2})(((f ◦c)(c,P2))T2 ,P3))T3 . Then
∂(−d1 + g ◦ d2 + d3)
= ((g ◦ f ◦ c)(c,P1))T1 − ((g ◦ ((f ◦ c)(c,P2))T2)(((f ◦c)(c,P2))T2 ,P3))T3 .
We can make a pre-transversal singular chain d ∈ Cq+1(L) from −d1 + g ◦ d2 + d3 such
that ∂d = ((g ◦ f ◦ c)(c,P1))T1 − ((g ◦ ((f ◦ c)(c,P2))T2)((f ◦c)(c,P2))T2 ,P3))T3 . By Lemma 5.8
there exists a t-modification dT of d . Then by Lemma 5.9
∂
(
dT
)= ∂d = ((g ◦ f ◦ c)(c,P1))T1
− ((g ◦ ((f ◦ c)(c,P2))T2)(((f ◦c)(c,P2))T2 ,P3))T3 . 
Theorem 5.15. Let M , N be orbifolds and let f,g :M → N be b-continuous maps. If f
and g are homotopic (and automatically they are b-homotopic), then f∗ = g∗.
Proof. Take any c ∈ t-Zq(M). By Lemmas 5.8 and 5.11 there exist products of (pre-)t-ho-
motopies d1 from f ◦ c to ((f ◦ c)(c,P1))T1 , d2 from g ◦ c to ((g ◦ c)(c,P2))T2 . Since f ◦ c
and g ◦ c are homotopic, there exists a prism from f ◦ c to g ◦ c. Then we can make a pre-
transversal singular chain d ∈ Cq+1(N) such that ∂d = ((f ◦ c)(c,P1))T1 − ((g ◦ c)(c,P2))T2 .
By Lemma 5.8 there exists a t-modification dT of d . Then by Lemma 5.9
∂
(
dT
)= ∂d = ((f ◦ c)(c,P1))T1 − ((g ◦ c)(c,P2))T2 .  (5.19)
Theorem 5.16. Let M and N be orbifolds. If they are b-homotopy equivalent, then their
t-singular homology groups t-Hq(M) and t-Hq(N) are isomorphic.
Proof. Since M and N are b-homotopy equivalent, there exist b-continuous maps
f :M → N , g :N → M such that g ◦ f , f ◦ g are b-continuous and g ◦ f (respectively
f ◦ g) is homotopic to idM (respectively idN ). By Proposition 5.14 and Theorem 5.15
g∗ ◦f∗ = (g ◦f )∗ = (idM)∗ = idt-Hq(M) and f∗ ◦g∗ = (f ◦g)∗ = (idN)∗ = idt-Hq(N). 
6. Homotopy groups and Hurewicz homomorphisms
The qth homotopy group of an orbifold M was defined in [2] as the (q −1)th homotopy
group of the (orbifold) loop space of M . That is, the qth homotopy group of M is the
group of b-homotopy classes of q-dimensional singular spheres with base point x0. See
Section 3 for the definitions of b-homotopy and b-continuous map. We define the Hurewicz
homomorphism from the homotopy group πq(M,x0) to the t-singular homology group t-
Hq(M), which we defined in Section 4. To define the Hurewicz homomorphism we use
some results in Section 5.
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x0 ∈ |M| − ΣM is a b-continuous map a = (|a|, {a˜iν}) : [0,1]q → M such that for any
t ∈ ∂([0,1]q), |a|(t) = x0. A 1-dimensional singular sphere coincides with a loop, see De-
finition 3.9. The product a · b of q-dimensional singular spheres a, b : [0,1]q → M with
base point x0 ∈ |M| −ΣM is defined by
a · b(t1, . . . , tq) =
{
a(t1, . . . , tq−1,2tq) 0 tq  12 ,
b(t1, . . . , tq−1,2tq − 1) 12  tq  1.
(6.1)
Definition 6.2. Let M be an orbifold and let x0 be a point of |M|−ΣM . The q-dimensional
homotopy group πq(M,x0) of M with base point x0 is the group of b-homotopy classes,
relative to ∂[0,1]q , of q-dimensional singular spheres in M with base point x0, where the
product of [a] and [b] is defined by
[a][b] := [a · b]. (6.2)
If q  2, πq(M,x0) is commutative by the definition of product.
Definition 6.3. Let ϕ : [0,1]q → M be a q-dimensional singular sphere of an orbifold M
with base point x0. Let Sq be the standard (t-)singular cycle which represents a generator
of (t-)Hq(Sq). Then we define the Hurewicz homomorphism Hq :πq(M,x0) → t-Hq(M)
by [ϕ] → ϕ∗[Sq ] where ϕ∗ is defined in Theorem 5.13.
Theorem 6.4.
(i) The above map Hq is a well-defined homomorphism.
(ii) If q = 1 and M is arcwise connected, then the homomorphism H1 is surjective and its
kernel is the commutator subgroup of π1(M,x0).
Proof. (i) By Theorems 5.13 and 5.15 Hq is well-defined. To show that (ϕ · ψ)∗[Sq ] =
ϕ∗[Sq ] + ψ∗[Sq ] we use the argument parallel to that in the proof of usual Hurewicz
homomorphism. Hence Hq is a homomorphism.
(ii) It is clear that H1 is surjective and that KerH1 ⊃ [π1(M,x0),π1(M,x0)]. To
show KerH1 ⊂ [π1(M,x0),π1(M,x0)], take any [ϕ] ∈ π1(M,x0) such that [((ϕ ◦
S1)(S
1,P ))T ] = 0 in t-H1(M). By taking another representative of [ϕ] if necessarily, we
may assume that ϕ◦S1 is already transverse with respect to ΣM . Hence, similarly as in the
proof of the usual Hurewicz theorem, we conclude that [ϕ] ∈ [π1(M,x0),π1(M,x0)]. 
7. Mayer–Vietoris exact sequence
Let M and N be orbifolds. Two t-chain maps ϕ,ϕ′ : t-C∗(M) → t-C∗(N) are t-chain
homotopic, if there is a degree +1 homomorphism Ψ : t-C∗(M) → t-C∗(N) such that
∂ ◦ Ψ + Ψ ◦ ∂ = ϕ − ϕ′, denoted by ϕ
Ψ
ϕ′. If ϕ,ϕ′ : t-C∗(M) → t-C∗(N) are t-chain
homotopic, then ϕ∗ = ϕ∗′ : t-H∗(M) → t-H∗(N).
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chain map ϕ′ : t-C∗(N) → t-C∗(M) such that ϕ ◦ ϕ′  idt-C∗(N) and ϕ′ ◦ ϕ  idt-C∗(M).
If ϕ : t-C∗(M) → t-C∗(N) is a t-chain equivalent map then ϕ∗ is an isomorphism from
t-H∗(M) to t-H∗(N).
Let M1 and M2 be suborbifolds of an orbifold M . The pair {M1,M2} is called a t-
excessive couple of M if the inclusion map t-C∗(M1) + t-C∗(M2) ⊂ t-C∗(M1 ∪ M2) is a
t-chain equivalent map.
Let Sdq :Cq(M) → Cq(M) be the barycentric division. Let Pq :Cq(M) → Cq+1(M)
be the prism map with respect to Sdq . Then, by perturbing the barycenters to make Sdq
a t-chain map from t-Cq(M) to t-Cq(M) and applying Lemma 5.8 to modify Pq fixing
σ,Sdq σ ∈ t-Cq(M) to a t-homomorphism from t-Cq(M) to t-Cq+1(M).
Suppose M1 and M2 are suborbifolds of an orbifold M such that IntM1∪M2 M1 ∪
IntM1∪M2 M2 = M1 ∪ M2. Then, by using these maps, we can construct a t-chain map
Tq : t-Cq(M1 ∪ M2) → t-Cq(M1) + t-Cq(M2) and a t-homomorphism Ψq : t-Cq(M1 ∪
M2) → t-Cq+1(M1 ∪ M2) which satisfy that Tqc = c for c ∈ t-Cq(Mi), i = 1,2, and that
∂q+1Ψqc + Ψq−1∂qc = c − Tqc for c ∈ t-Cq(M1 ∪ M2), q = 0,1,2, . . . , as in the usual
homology theory. Then, we have the following proposition.
Proposition 7.1. If M1 and M2 are suborbifolds of an orbifold M and IntM1∪M2 M1 ∪
IntM1∪M2 M2 = M1 ∪M2, then {M1,M2} is a t-excessive couple.
Let M1 and M2 be orbifolds. Note that each inclusion map of orbifolds induces a ho-
momorphism of t-singular chain complices by Remark 4.8. Hence, the general homology
theory gives us an exact sequence:
· · · −→ t-Hq(M1 ∩M2) i∗−→ t-Hq(M1)⊕ t-Hq(M2)
j∗−→Hq
(
t-C∗(M1)+ t-C∗(M2)
) ∂∗−→· · · , (7.1)
where iμ: M1 ∩ M2 ⊂ Mμ, jμ: Mμ ⊂ M1 ∪ M2, μ = 1,2, are inclusions, i#(c) =
((i1)#c,−(i2)#c), j#(a, b) = (j1)#a + (j2)#b, ∂∗[z] = [(i#)−1∂(j#)−1(z)], and i∗([c]) =
((i1)∗[c],−(i2)∗[c]), j∗([a], [b]) = (j1)∗[a] + (j2)∗[b]. Furthermore, it is proved that if
{M1,M2} is a t-excessive couple, then the natural inclusion map t-Cq(M1)+ t-Cq(M2) ⊂
t-Cq(M1 ∪ M2) induces an isomorphism Hq(t-C∗(M1) + t-C∗(M2)) ∼= t-Hq(M1 ∪ M2).
Then we have the Mayer–Vietoris exact sequence:
Theorem 7.2. If {M1,M2} is a t-excessive couple of an orbifold M , then the following
sequence is exact:
· · · −→ t-Hq(M1 ∩M2) i∗−→ t-Hq(M1)⊕ t-Hq(M2)
j∗−→ t-Hq(M1 ∪M2) ∂∗−→ t-Hq−1(M1 ∩M2) −→ · · · , (7.2)
where iμ: M1 ∩ M2 ⊂ Mμ, jμ: Mμ ⊂ M1 ∪ M2, μ = 1,2, are inclusions, i#(c) =
((i1)#c,−(i2)#c), j#(a, b) = (j1)#a + (j2)#b, ∂∗[z] = [(i#)−1∂(j#)−1(z)], and i∗([c]) =
((i1)∗[c],−(i2)∗[c]), j∗([a], [b]) = (j1)∗[a] + (j2)∗[b].
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Let M , N be orbifolds and let p1 :M×N → M , p2 :M×N → N be the natural projec-
tions (see [5, p. 157] for the product of orbifolds). Observe that for any c ∈ t-Ck(M ×N),
p1 ◦ c ∈ t-Ck(M) and p2 ◦ c ∈ t-Ck(N). Hence we can define a map ρk : t-Ck(M ×N) →⊕k
i=0{(t-Ci(M))⊗ (t-Ck−i (N))} by ρk(c) =
∑k
i=0(p1 ◦ c ◦ εi+1···k)⊗ (p2 ◦ c ◦ ε0···i−1),
where ε0,−1 = id and εk+1,k = id. The naturality of ρk is directly derived from the defin-
ition. Indeed, if f :M → M ′ and g :N → N ′ are b-continuous map, and both f ◦ p1 ◦ c
and g ◦ p2 ◦ c are t-singular chains, then ρk(f ◦ p1 ◦ c × g ◦ p2 ◦ c) =∑ki=0(f ◦ p1 ◦ c ◦
εi+1···k)⊗ (g ◦ p2 ◦ c ◦ ε0···i−1), which means ρk ◦ (f × g)# = (f# ⊗ g#) ◦ ρk . It is proved
that ρk is a chain homotopy equivalent map by the similar manner as in the usual homol-
ogy theory. Furthermore, for Z-coefficients general chain complices C, D, it holds that if
C and H∗(C) is free, then H∗(C)⊗H∗(D) ∼= H∗(C ⊗D). Then we obtain the Künneth’s
formula:
Theorem 8.1. Let M and N be orbifolds. If either t-H∗(M) or t-H∗(N) is free, then
t-Hk(M ×N) ∼=
k⊕
i=0
(
t-Hi(M)⊗ t-Hk−i (N)
) (8.1)
for any k  0.
9. The t-singular homology groups of a discal orbifold
In this section we calculate the t-singular homology groups of a discal orbifold using
b-homotopy deformations, Hurewicz theorem, and Künneth’s formula.
Lemma 9.1. For a discal 2-orbifold D2(n), and the product of D2(n) and the (k − 2)-
dimensional torus T k−2 the following holds:{
t-H2(D2(n)) = 0,
t-Hk(D
2(n)× T k−2) = 0 for k  3. (9.1)
Proof. To show t-H2(D2(n)) = 0, take any c ∈ t-Z2(D2(n)). Let σ :Δ2 → D2(n) be a
b-continuous map such that its structure map σ˜ :Δ2 → D2 is a homeomorphism. Let y be
the singular point of D2(n). Denote c =∑mi=1 aiϕi +∑rj=1 bjψj where |ϕi |(Δ2) 	 y and
|ψj |(Δ2)  y. Let f :D2(n) → D2(n) be a b-continuous map which is b-homotopic to
idD2(n), and maps a sufficiently small cone neighborhood U of the cone point isomorphi-
cally onto D2(n), and maps D2(n) − U onto ∂D2(n). By Theorem 5.15, f∗ = (idD2(n))∗.
Hence, by replacing c with f ◦ c and subdividing the result if necessary, we may assume
that each ϕi(Δ2) ⊂ ∂D2(n) and each ψj = jσ in t-C2(D2(n)) where j = ±1. Since∑
i aiϕ
i ∈ t-C2(∂D2(n)), [∂∑i aiϕi] = 0 in t-H1(∂D2(n)). Hence [∂∑j bjψj ] = 0 in
t-H1(∂D2(n)). On the other hand [∂∑j bjψj ] =∑j bj j [∂σ ]. Since [∂σ ] is a nonzero
element of t-H1(∂D2(n)) ∼= Z,∑ bjj = 0. Thus c =∑ aiϕi . Since t-H2(∂D2(n)) = 0,j i
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fore [c] = 0 in t-H2(D2(n)).
Let p :D2 × T k−2 → D2(n) × T k−2 be the natural covering, and let [η] be the funda-
mental class of Hk(D2 × T k−2, ∂(D2 × T k−2)). We can show t-Hk(D2(n) × T k−2) = 0
for k  3 by the similar argument as in the proof of t-H2(D2(n)) = 0 replacing σ by a
canonical representative of p∗[η]. 
Theorem 9.2.
t-Hk
(
D2(n)
)∼=
⎧⎪⎨⎪⎩
Z for k = 0,
Zn for k = 1,
0 for k  2.
(9.2)
Proof. Since |D2(n)| − ΣD2(n) is connected, t-H0(D2(n)) ∼= Z. Take a base point x0 ∈
|D2(n)| − ΣD2(n). Since π1(D2(n), x0) ∼= Zn, t-H1(D2(n)) ∼= Zn by Theorem 6.4. By
Theorem 8.1 and Lemma 9.1, t-Hk(D2(n)) = 0 for k  2. 
Note that the t-singular homology groups of D2(n) with n  2 is different from those
of a point (i.e. a connected 0-dimensional manifold). This is caused by the fact that a
discal 2-orbifold D2(n) with index n  2 is not b-homotopy equivalent to a point (see
Example 3.7).
Corollary 9.3. Let B3(n) be a cyclical ballic 3-orbifold with index n. Then the following
holds:
t-Hk
(
B3(n)
)∼=
⎧⎪⎨⎪⎩
Z for k = 0,
Zn for k = 1,
0 for k  2.
(9.3)
Proof. Since B3(n) is b-homotopy equivalent to D2(n), their t-homology groups are iso-
morphic by Theorem 5.16. 
10. The relative t-singular homology
Definition 10.1. Let M be an orbifold and A a suborbifold of M . We call (M,A) an
orbifold pair.
Definition 10.2. Let (M,A), (N,B) be orbifold pairs. By a continuous map f : (M,A) →
(N,B), we shall mean a continuous map f :M → N which satisfies that f (A) ⊂ B .
Definition 10.3. Let (M,A) and (N,B) be orbifold pairs. Let f,g : (M,A) → (N,B)
be continuous maps. By a homotopy from f to g (relative to C ⊂ M) we shall mean a
continuous map H : (M × [0,1],A× [0,1]) → (N,B) which satisfies the following:
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(ii) H(·,1) = g(·).
((iii) H(c, s) = f (c) = g(c) for any c ∈ C and any s ∈ [0,1].)
Definition 10.4. Let (M,A) be an orbifold pair. By the q-dimensional singular (respec-
tively t-singular) chain group Cq(M,A) (respectively t-Cq(M,A)), we shall mean the
quotient group Cq(M)/Cq(A) (respectively t-Cq(M)/t-Cq(A)).
Definition 10.5. Define the boundary operators Cq(M,A) → Cq−1(M,A) and
t-Cq(M,A) → t-Cq−1(M,A) by
∂
(
c +Cq(A)
)= ∂c +Cq−1(A),
∂
(
c + (t-Cq(A)))= ∂c + (t-Cq−1(A)),
respectively.
Definition 10.6. We shall denote the chain complex C∗(M,A) = {Cq(M,A)} (respec-
tively t-C∗(M,A) = {t-Cq(M,A)}) together with ∂ simply by C∗(M,A). The singular
(respectively t-singular) homology group Hq(M,A) (respectively t-Hq(M,A)) of (M,A)
is defined by Hq(M,A) = Hq(C∗(M,A)) (respectively t-Hq(M,A) = Hq(t-C∗(M,A))).
Definition 10.7. By a t-modification of a q-dimensional singular chain c =∑j=1 njΨ j of
an orbifold pair (M,A) we shall mean a t-singular chain cT =∑j=1 nj (Ψ j )T of (M,A)
such that there exist homotopies Ψ 1s , . . . ,Ψ s (s ∈ [0,1]) that satisfy the following:
(i) Ψ j0 = Ψ j , Ψ j1 = (Ψ j )T for ∀j = 1,2, . . . , .
(ii) If (
Ψ i |Δq(i0···ik)
) ◦ εq(i0···ik) = (Ψ j |Δq(j0···jk)) ◦ εq(j0···jk), (10.1)
for some i, j , then it holds that(
Ψ is |Δq(i0···ik)
) ◦ εq(i0···ik) = (Ψ js |Δq(j0···jk)) ◦ εq(j0···jk), for ∀s ∈ [0,1]. (10.2)
We say that Ψ is ’s satisfy the face condition of Ψ i ’s. We call (cT )s =
∑
njΨ
j
s (s ∈ [0,1]) a
t-homotopy of c.
Definition 10.8. Let (M,A) be an orbifold pair. A q-dimensional singular simplex Ψ =
(|Ψ |, {Ψ˜iν}) of (M,A) is pre-transverse if the underlying map |Ψ | of Ψ maps all the
vertices of Δq into |M| −ΣM . A q-dimensional singular chain c =∑miΨ i of (M,A) is
pre-transverse if each singular simplex Ψ i is pre-transverse.
Definition 10.9. Let (M,A) and (N,B) be orbifold pairs, f : (M,A) → (N,B) a b-conti-
nuous map, and c =∑j=1 njϕj a q-dimensional pre-transversal singular chain of (M,A).
A pre-t-modification of a singular chain f ◦ c =∑ nj (f ◦ ϕj ) with respect to c is aj=1
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Ψ 1s , . . . ,Ψ

s (s ∈ [0,1]) which satisfy the following:
(i) Ψ j0 = f ◦ ϕj , Ψ j1 = Ψ j for ∀j = 1,2, . . . , .
(ii) If for ϕi and ϕj there exist embeddings εq(i0···ik) and ε
q
(j0···jk) such that
ϕi ◦ εq(i0···ik) = ϕj ◦ ε
q
(j0···jk), (10.3)
then it holds that
Ψ is ◦ εq(i0···ik) = Ψ
j
s ◦ εq(j0···jk) for ∀s ∈ [0,1]. (10.4)
We say that Ψ is ’s satisfy the face condition of ϕi ’s. We call ds =
∑
njΨ
j
s (s ∈ [0,1])
a pre-t-homotopy of f ◦ c with respect to c. We denote d by the symbol (f ◦ c)(c,P ).
By the argument parallel to Section 5, we can prove the following.
Theorem 10.10. Let (M,A), (N,B) be orbifold pairs and let f : (M,A) → (N,B) be a b-
continuous map. Then an induced homomorphism f∗ : t-Hq(M,A) → t-Hq(N,B) can be
defined by [c] → [((f ◦ c)(c,P ))T ].
Proposition 10.11. Let (M,A), (N,B) and (L,C) be orbifold pairs, and let f : (M,A) →
(N,B), g : (N,B) → (L,C) be b-continuous maps such that g ◦ f is also a b-continuous
map. Then (g ◦ f )∗ = g∗ ◦ f∗.
Theorem 10.12. Let (M,A), (N,B) be orbifold pairs and let f,g : (M,A) → (N,B) be
b-continuous maps. If f and g are homotopic (and automatically they are b-homotopic),
then f∗ = g∗.
Theorem 10.13. Let (M,A) and (N,B) be orbifold pairs. If they are b-homotopy equiva-
lent, then their t-singular homology groups t-Hq(M,A) and t-Hq(N,B) are isomorphic.
Let M be an orbifold and A a suborbifold of M . Since the inclusion map A ⊂ M maps
t-chains to t-chains without any modification, it induces a homomorphism from t-C∗(A)
to t-C∗(M). Then the general homology theory gives us the following theorems.
Theorem 10.14 (Exact sequence of triple). Let M be an orbifold and A ⊃ B suborbifolds
of M . Let i: (A,B) ⊂ (M,B) and j : (M,B) ⊂ (M,A) be inclusion maps, and ∂∗ : t-
Hq(M,A) → t-Hq−1(A,B) the connecting homomorphism. Then the following sequence
is exact:
· · · ∂∗−→ t-Hq(A,B) i∗−→ t-Hq(M,B) j∗−→ t-Hq(M,A) ∂∗−→· · · .
Corollary 10.15. Let M be an orbifold and A a suborbifold of M . Then the following
sequence is exact:
· · · ∂∗−→ t-Hq(A) i∗−→ t-Hq(M) j∗−→ t-Hq(M,A) ∂∗−→· · · .
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of orbifolds. Then the following diagram commutes:
t-Hq(M,A)
∂∗
f∗
t-Hq−1(A,B)
f∗
t-Hq(M
′,A′)
∂∗
t-Hq−1(A′,B ′)
Theorem 10.17 (Excision Theorem I). Let M be an orbifold, and M1, M2 suborbifolds of
M . If {M1,M2} is a t-excessive couple, then the homomorphism induced by the inclusion
map i# : t-C∗(M1)/t-C∗(M1 ∩ M2) → t-C∗(M1 ∪ M2)/t-C∗(M2) is a t-chain equivalent
map. (Automatically, i∗ : t-H∗(M1,M1 ∩M2) → t-H∗(M1 ∪M2,M2) is an isomorphism.)
Theorem 10.18 (Excision Theorem II). Let M be an orbifold and A a suborbifold of M . If
there exists a suborbifold U of M which satisfies cl(U) ⊂ IntA, then the homomorphism
induced by the inclusion map i# : t-C∗(M − U,A − U) → t-C∗(M,A) is a t-chain equiv-
alent map. (Automatically, i∗ : t-H∗(M −U,A−U) → t-H∗(M,A) is an isomorphism.)
Theorem 10.19. Let M be an orbifold and Mi ⊃ Ai suborbifolds of M , i = 1,2. If both
{M1,M2} and {A1,A2} are t-excessive couples, then the following sequence is exact:
· · · −→ t-Hq(M1 ∩M2,A1 ∩A2) i∗−→ t-Hq(M1,A1)⊕ t-Hq(M2,A2)
j∗−→ t-Hq(M1 ∪M2,A1 ∪A2) ∂∗−→ t-Hq−1(M1 ∩M2,A1 ∩A2) −→ · · · (10.5)
where iμ: (M1 ∩M2,A1 ∩A2) ⊂ Mμ, jμ: (Mμ,Aμ) ⊂ (M1 ∪M2,A1 ∪A2) are inclusions,
and
i#(c) =
(
(i1)#(c),−(i2)#(c)
)
, c ∈ t-C∗(M1 ∩M2,A1 ∩A2),
j#(c1, c2) = (j1)#(c1)+ (j2)#(c2), cμ ∈ t-C∗(Mμ,Aμ),
∂∗[z] =
[
(i#)
−1∂(j#)−1(z)
]
,
i∗
([c])= ((i1)∗[c],−(i2)∗[c]),
j∗
([c1], [c2])= (j1)∗[c1] + (j2)∗[c2].
For orbifold pairs (M,A), (N,B), we define as follows:
(M,A)× (N,B) := (M ×N,A×N ∪M ×B).
It is easy to prove that ρk of Section 8 induces a chain homotopy equivalent map
t-Ck(M ×N)
/(
t-Ck(A×N)+ t-Ck(M ×B)
)
→
k⊕(
t-Ci(M,A)⊗ t-Ck−i (N,B)
)i=0
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t-excessive couple of M ×N , we have an isomorphism
H∗
(
t-Ck
(
(M,A)× (N,B)))∼= H∗
(
k⊕
i=0
(
t-Ci(M,A)⊗ t-Ck−i (N,B)
))
.
Then we obtain the Künneth’s formula:
Theorem 10.20. Let (M,A) and (N,B) be orbifold pairs. Suppose {A× N,M × B} is a
t-excessive couple of M ×N . If either t-H∗(M,A) or t-H∗(N,B) is free, then
t-Hk
(
(M,A)× (N,B))∼= k⊕
i=0
(
t-Hi(M,A)⊗ t-Hk−i (N,B)
) (10.6)
for any k  0.
11. The t-singular homology groups of some orbifolds
Theorem 11.1. Let S be a compact orientable 2-orbifold with g genus, p boundary com-
ponents, and r singular points. Let E be a disjoint union of non-singular discs E1, . . . ,Eq
on S. Then the following holds:
t-H0(S,E) =
{
0 if q  1,
Z if q = 0,
t-H1(S,E) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
2g
⊕p
i=1 Z〈di〉
⊕r
j=1 Znj 〈cj 〉/〈
∑p
i=1 di +
∑r
j=1 cj 〉
if q = 0,
Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
2g+q−1
⊕p
i=1 Z〈di〉
⊕r
j=1 Znj 〈cj 〉/〈
∑p
i=1 di +
∑r
j=1 cj 〉
if q  1,
t-H2(S,E) =
{
0 if p  1,
Z if p = 0,
t-Hk(S,E) = 0 if k  3,
where di ∈ t-C1(S), i = 1, . . . , p, are defined by boundary components of S and ci ∈
t-C1(S), j = 1, . . . , r , are defined by normal loops around singular points of S, and
nj , j = 1, . . . , r , are indices of singular points of S.
Proof. First we consider the case that q = 0. The 0-dimensional case is clear. If k = 1,
it is derived from Theorem 6.4. If k  2, we prove by the induction on r . Let Dr be a
discal neighborhood of pr and S′ the 2-orbifold derived from S by replacing Dr by a non-
singular 2-disc Or . Note that the conclusion holds for S′ by the inductive hypothesis. Then
the exact sequence for (S′,Or) yields:
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′,Or) =
{
0 if p  1,
Z if p = 0,
t-Hk(S
′,Or) = 0 if k  3.
Note that t-Hi(S,Dr) ∼= t-Hi(S − IntDr,Dr − IntDr) ∼= t-Hi(S′,Or) by Theorem 10.18.
Then the exact sequence for (S,Dr) yields that t-Hk(S) = 0, k  3 and t-H2(S) ∼=
Ker{∂∗ : t-H2(S,Dr) → t-H1(Dr)}. If p  1, t-H2(S) ∼= t-H2(S,Dr) ∼= t-H2(S′,Or) = 0.
If p = 0, t-H2(S,Dr) ∼= t-H2(S′,Or) ∼= Z. On the other hand, t-H1(Dr) ∼= Znr . Hence,
∂∗ : t-H2(S,Dr) → t-H1(Dr) must not be a monomorphism. Then, Ker ∂∗ is a nontrivial
subgroup of t-H2(S,Dr) ∼= Z. Thus, Ker ∂∗ ∼= Z.
Next we consider the case that q  1. The 0-dimensional case is also clear. Consider the
exact sequence for (S,E). It holds that t-Hi(S) ∼= t-Hi(S,E), i  2, since t-Hi(E) = 0,
i  1. Then the desired conclusion for t-Hi(S,E), i  2, is derived from the preceding
one.
There is a short exact sequence
0 i∗−→ t-H1(S) j∗−→ t-H1(S,E) ∂∗−→ ∂∗
(
t-H1(S,E)
) i∗−→0.
This is splittable since Ker{i∗ : t-H0(E) → t-H0(S)} is the direct sum of q − 1 infinite
cyclic groups and ∂∗(t-H1(S,E)) = Ker i∗. Then t-H1(S,E) ∼= t-H1(S)⊕Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
q−1
. 
Lemma 11.2. Let S be a closed orientable 2-orbifold, p : S˜ → S a finite uniformization (i.e.
a finite sheeted regular covering with ΣS˜ = ∅), and [c] a generator of H2(S˜) ∼= Z. Then
p∗[c] has infinite order in t-H2(S). Furthermore, if [e] is a generator of Hk(S˜ × T k−2),
k  3, then (p × id)∗[e] has infinite order in t-Hk(S × T k−2).
Proof. Let U be a union of mutually disjoint discal neighborhoods of ΣS. Since ∂U is a
disjoint union of simple closed curves, t-H1(∂U) is a direct sum of infinite cyclic groups.
Let α1, . . . , α be a system of generators of t-H1(∂U). We may assume that p ◦ c is a
t-singular cycle of S. Since Aut(S˜,p) is orientation preserving, ∂∗p∗[c] = m(∑i=1 αi) ∈
t-H1(∂U) = Z〈α1〉 ⊕ · · · ⊕Z〈α〉, where m is the number of the sheets of p. Since m 	= 0,
∂∗p∗[c] has infinite order in t-H1(∂U). Then p∗[c] has infinite order in t-H2(S).
Let [c′] be a generator of Hk−2(T k−2). Since Hk(S˜ × T k−2) ∼= H2(S˜) ⊗ Hk−2(T k−2),
k  3, (ρk)∗[e] = ±[c] ⊗ [c′]. Note that t-Hk(S) = 0, k  3, which is a part of the
conclusions of Theorem 11.1. From this fact and Theorems 8.1, it is derived that t-
Hk(S×T k−2) ∼= t-H2(S)⊗ t-Hk−2(T k−2). We may assume that (p× id)◦ e is a t-singular
cycle of S × T k−2. Then (ρk)∗(p × id)∗[e] = ±(p∗[c]) ⊗ [c′]. Since (ρk)∗ is an iso-
morphism and p∗[c] has infinite order in t-H2(S), (p × id)∗[e] has infinite order in
t-Hk(S × T k−2). 
Lemma 11.3. Let B be a ballic 3-orbifold B3(m1,m2,m3). Then the following holds:{
t-H3(B) = 0,
t-Hk(B × T k−3) = 0 for k  4. (11.1)
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[∂σ ] is a generator of H2(∂B3). Since we may assume that p ◦σ is a t-singular cycle in B ,
p∗[∂σ ] = [∂ ◦ p ◦ σ ]. Hence, from Lemma 11.2, it is derived that [∂ ◦ p ◦ σ ] has infinite
order in t-H2(∂B). This fact enables us to prove t-H3(B) = 0 as similar to Lemma 9.1.
Similarly, by using Lemma 11.2, we can prove that for a generator η of Hk(B3 ×
T k−3, ∂(B3 × T k−3)), k  4, [∂ ◦ (p× id) ◦ η] has infinite order in t-Hk−1(∂(B × T k−3)).
Furthermore, note that t-Hk(∂B) = 0, k  3, which is a part of the conclusions of The-
orem 11.1. From these facts, Theorem 8.1, and the fact that t-Hp(T q) ∼= Hp(T q) = 0,
p > q , it is derived that t-Hk(∂B × T k−3) = 0, k  4. Then we can prove t-Hk(B ×
T k−3) = 0, k  4 as similar to Lemma 9.1. 
Corollary 11.4. Let B be a ballic 3-orbifold B3(m1,m2,m3). Then
t-Hk(B) = 0 for k  3. (11.2)
Proof. We prove this corollary inductively on k by using Theorem 8.1 and Lem-
ma 11.3. 
Lemma 11.5. Let M be a compact orientable 3-orbifold. Then the following (i), (ii), and
(iii) hold:
(i) There is a compact neighborhood U of ΣM such that t-Hk(U) = 0 for k  3.
(ii) t-Hk(M) = 0 for k  4. Furthermore, if ∂M 	= ∅, then t-H3(M) = 0.
(iii) If ∂M = ∅ and there is a finite uniformization p : M˜ → M (i.e. a finite sheeted regular
covering with ΣM˜ = ∅), then p∗[c] has infinite order in t-H3(M) where [c] is a
generator of H3(M˜) ∼= Z. Furthermore, for k  4, (p × id)∗[e] has infinite order in
t-Hk(M × T k−3), where [e] is a generator of Hk(M˜ × T k−3).
Proof. Since ΣM is compact, there are cones B1, . . . ,B on orientable spherical 2-orbi-
folds such that B1 ∪ · · · ∪ B is a neighborhood of ΣM . Put U = B1 ∪ · · · ∪ B. By the
induction on , we can prove that t-Hk(U) = 0, k  3, using (11.1), Theorem 7.2, and
Corollary 11.4.
Put M0 = cl(M − U). We may assume that each component of M0 ∩ U is a compact
2-manifold. Then, by using Theorem 7.2, we can prove t-Hk(M) = 0, k  4.
Furthermore, since t-H3(M0) = t-H3(U) = 0, ∂∗ : t-H3(M) → t-H2(M0 ∩ U) is
a monomorphism. Then, t-H3(M) ∼= Im ∂∗ = Ker{i∗ : t-H2(M0 ∩ U) → t-H2(M0) ⊕
t-H2(U)}. Let U1, . . . ,Uk be components of M0 ∩ U such that Ui ∩ ∂M = ∅, i =
1,2, . . . , k. Since each Ui is a closed orientable 2-manifold, t-H2(Ui) ∼= Z. Let ui
be a generator of t-H2(Ui). Then, t-H2(M0 ∩ U) are generated by u1, . . . , uk . Since
∂M 	= ∅, ∂M0 − (U1 ∪ · · · ∪ Uk) 	= ∅. Hence i1∗(∑ki=1 ciui) 	= 0 in t-H2(M0) for any
(c1, . . . , ck) 	= (0, . . . ,0). That is, Ker i∗ = 0.
(iii) can be proved in a similar manner as in the proof of Lemma 11.2. 
Let Bn be the cone on an (n − 1)-dimensional orientable spherical orbifold Sn−1 and
M a compact orientable n-orbifold. Since Sn−1 is closed, orientable, and finitely uni-
formizable, we can prove the following Lemma 11.6, Corollary 11.7, and Lemma 11.8,
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Lemma 11.5.
Lemma 11.6.{
t-Hn(Bn) = 0,
t-Hk(Bn × T k−n) = 0 for k  n+ 1. (11.3)
Corollary 11.7. t-Hk(Bn) = 0 for k  n.
Lemma 11.8. Let M be a compact orientable n-orbifold. Then the following (i), (ii), and
(iii) hold:
(i) There is a compact neighborhood U of ΣM such that t-Hk(U) = 0 for k  n.
(ii) t-Hk(M) = 0 for k  n+ 1. Furthermore, if ∂M 	= ∅, then t-Hn(M) = 0.
(iii) If ∂M = ∅ and there is a finite uniformization p : M˜ → M (i.e. a finite sheeted regular
covering with ΣM˜ = ∅), then p∗[c] has infinite order in t-Hn(M) where [c] is a
generator of Hn(M˜) ∼= Z. Furthermore, for k  n+ 1, (p × id)∗[e] has infinite order
in t-Hk(M × T k−n), where [e] is a generator of Hk(M˜ × T k−n).
Thus far, t-Hk(Bn) is calculated only for either k = 0 or k  n. On the other hand,
t-Hk(Bn, ∂Bn) are calculated in the following.
Theorem 11.9. Let Bn be the cone on an (n−1)-dimensional orientable spherical orbifold,
p : B˜n → Bn the universal covering, and σ˜ :Δn → B˜n a homeomorphism. Then
t-Hk(Bn, ∂Bn) ∼=
{
Z〈τ 〉 if k = n,
0 otherwise, (11.4)
where τ = p∗[σ˜ ].
Proof. It is clear that t-Hk(Bn, ∂Bn) = 0, 0 k  n−1. Let σ = (|p◦ σ˜ |, σ˜ ). σ represents
an element of t-Mn(Bn, ∂Bn) and p∗[σ˜ ] = [σ ]. Take any c ∈ t-Cn(Bn). As in the proof of
Lemma 9.1, we may assume that c =∑aiϕi +∑bjσ , where ϕi(Δn) ⊂ ∂Bn. Then c rep-
resents an element of t-Hn(Bn, ∂Bn) and [c] =∑bj [σ ] in t-Hn(Bn, ∂Bn). Furthermore,
by Corollary 11.7 and Lemma 11.8(ii), it holds that
t-Hk(Bn) = t-Hk(∂Bn) = t-Hk−1(∂Bn) = 0, k  n+ 1,
which together with Corollary 10.15 yields t-Hk(Bn, ∂Bn) = 0, k  n+ 1. 
For a 3-dimensional ballic orbifold, we calculate t-Hk(B3) for all k in Theorem 11.11
by using of Lemma 11.10.
Lemma 11.10. Let S be a closed, orientable 2-orbifold and D = D1 ∪ · · · ∪Dr a union of
mutually disjoint discal neighborhoods of ΣS. Let e be a generator of t-H2(S) ∼= Z and
e0 a generator of H2(S − IntD,∂(D − IntD))(= H2(S − IntD,∂(S − IntD))) ∼= Z. Then
e is mapped to ε(n1, . . . , nr )e0, ε = ±1, by the composition of maps
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j∗
t-H2(S,D)
−→
i∗
t-H2(S − IntD, D − IntD)
−→
ι
H2(S − IntD, D − IntD),
where (n1, . . . , nr ) is the least common multiple of the indices n1, . . . , nr of ΣS and ι is
the isomorphism induced by the identity.
Proof. Since t-H2(D) = 0, the exact sequence for (S,D) yields t-H2(S) ∼= Im j∗ ∼=
Ker{∂∗ : t-H2(S,D) → t-H1(D)}. Put e¯ = i−1∗ ι−1(e0). Then ∂∗e¯ = [∂D1] + · · · + [∂Dr ].
Suppose ne¯ ∈ Ker ∂∗ for some n ∈ Z. It is equivalent to the fact that n[∂Di] = 0 in
t-H1(Di) ∼= Zni , i = 1,2, . . . , r . This means that n is a multiple of (n1, . . . , nr ). Then,
Ker ∂∗ is generated by (n1, . . . , nr )e¯. Hence j∗(e) = e¯. 
Theorem 11.11. Let B be a ballic 3-orbifold B3(m1,m2,m3). Then the following holds:
t-Hk(B) =
⎧⎪⎪⎨⎪⎪⎩
Z if k = 0,
Zm1〈c1〉 ⊕ Zm2〈c2〉 ⊕ Zm3〈c3〉/〈c1 + c2 + c3〉 if k = 1,
Zn if k = 2,
0 if k  3,
where n = (the index of the cone point of B)/(the least common multiple of m1,m2,m3)
and ci ∈ t-C1(B) is defined by normal loops around singular loci of B .
Proof. The 0-dimensional case is clear. If k = 1, the results are derived from Theorem 6.4.
Furthermore, by Corollary 11.4, t-Hk(B) = 0, for k  3.
The exact sequence for (B, ∂B) yields a short exact sequence
0 j∗−→ t-H3(B, ∂B) ∂∗−→ t-H2(∂B) i∗−→ t-H2(B) j∗−→0.
Hence t-H2(B) ∼= t-H2(∂B)/∂∗(t-H3(B, ∂B)). Let p : B˜ → B be the universal covering
and σ˜ :3 → B˜ a homeomorphism. By Theorem 11.9, p∗[σ˜ ] generates t-H3(B, ∂B). We
may assume p ◦ σ˜ is a t-singular chain. Then ∂∗p∗[σ˜ ] = [∂ ◦ p ◦ σ˜ ] = [p ◦ ∂ ◦ σ˜ ]. Let
D = D1 ∪ D2 ∪ D3 be a union of mutually disjoint discal neighborhoods of Σ∂B , e0 a
generator of H2(∂B − IntD, ∂(∂B − IntD)), and e a generator of t-H2(∂B). Let m be
the index of the cone point of B . Since p ◦ ∂ ◦ σ˜ covers |∂B| −Σ∂B m-times, ∂∗p∗[σ˜ ] is
mapped to me0 under the composition of maps t-H2(∂B)→
j∗
t-H2(∂B,D)→
i∗
t-H2(∂B −
IntD, ∂(∂B − IntD))→
ι
H2(∂B − IntD, ∂(∂B − IntD)). That is, ιi∗j∗∂∗p∗[σ˜ ] = me0 =
n(m1,m2,m3)e0. On the other hand, by Lemma 11.10, ιi∗j∗(e) = (m1,m2,m3)e0.
Hence ιi∗j∗∂∗p∗[σ˜ ] = nιi∗j∗(e). Since ι, i∗, and j∗ are isomorphisms, ∂∗p∗[σ˜ ] = ne. Then
t-H2(B) ∼= 〈e | ne = 0〉. 
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